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The aim of the present work is twofold: first, we present general remarks about the application
of recent procedures to compute the deflection angle in spherically symmetric and asymptotically
flat spacetimes, taking into account finite distance corrections based on the Gauss-Bonnet theorem.
Second, and as the main part of our work, we apply this powerful technique to compute corrections to
the deflection angle produced by astrophysical configurations in the weak gravitational regime when
a plasma medium is taken into account. For applications, we use these methods to introduce new
general formulae for the bending angle of light rays in plasma environments in different astrophysical
scenarios, generalizing previously known results. We also present new and useful formulae for
the separation angle between the images of two sources when they are lensed by an astrophysical
object surrounded by plasma. In particular, for the case of an homogeneous plasma we study these
corrections for the case of light rays propagating near astrophysical objects described in the weak
gravitational regime by a Parametrized-Post-Newtonian (PPN) metric which takes into account the
mass of the objects and a possible quadrupole moment. Even when our work concentrates on finite
distances corrections to the deflection angle, we also obtain as particular cases of our expressions
new formulae which are valid for the more common assumption of infinite distance between receiver,
lens and source. We also consider the presence of an inhomogeneous plasma media introducing as
particular cases of our general results explicit expressions for particular charge number density
profiles.
PACS numbers:
I. INTRODUCTION
Gravitational lensing is a crucial tool to study the dy-
namics, evolution and distribution of matter in the Uni-
verse [1–4]. The response of electromagnetic radiation to
gravitational fields occurs at all size scales in the Uni-
verse, ranging from the size of individual black holes [5]
to clusters containing many individual galaxies [6]. In
fact, recently the first observational test of Einstein’s gen-
eral relativity confirmed the theory to high precision on
extragalactic scales [7]. At all scales, the study of the
strong gravitational lensing regime gives us information
about the response of electromagnetic radiation to grav-
itational fields and will be crucial in providing tests of
gravitational theory under strong field conditions.
Typically, gravitational lens effects are considered in
the vacuum. However, many compact objects are sur-
rounded by dense, plasma-rich magnetospheres [8, 9], and
even galaxies and galaxy clusters [10] are in general im-
mersed in a plasma fluid. In the visible spectrum, the
modification of gravitational lensing quantities due to the
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presence of the plasma is negligible. The same cannot
be said of observations in the radio frequency spectrum
where the index of refraction of the plasma causes strong
frequency-dependent modifications of the usual gravita-
tional lensing behavior.
The effect of plasma on light propagation has been
studied since the 1960s. In 1966, Muhleman and John-
ston studied the influence on the time delay by the solar
corona electron plasma at radio frequencies in the gravi-
tational field of the Sun [11]. In 1970, Muhleman, Ekers
and Fomalont calculated for the first time the light deflec-
tion in the presence of a plasma in the weak-field approx-
imation [12]. A variety of studies focusing on the solar
wind and the electron density profile in the outer corona
were also performed, using analysis of light propagation
in different spatial missions such as Viking, Mariner 6
and 7 and the Cassini mission [13, 14]. In navigating in-
terplanetary spacecraft, the plasma contribution to light
propagation is also routinely considered (see for example
the review article of Turyshev and Toth [15]. A rigor-
ous derivation of a Hamiltonian for light rays including
a magnetized plasma and curved background was per-
formed by Breuer and Ehlers in 1980 [16–18]. The light
deflection in a plasma was calculated for the first time in
the Schwarzschild spacetime (and in the equatorial plane
of the Kerr spacetime) without the weak-field approxi-
mation by Perlick in 2000 [19].
2Presently there exist some radio-telescope projects
which operate in frequency bands where such plasma ef-
fects must be taken into account [20–24]. For that rea-
son, in the last years the study of the influence of plasma
media on the trajectory of light rays in a external grav-
itational fields associated with compact bodies has con-
tinued and become a very active research area [25–45].
One of the main quantities in the study of gravitational
lensing is the deflection angle. In general, expressions for
the deflection angle are written in terms of derivatives of
the various metric components. However, in [46], we in-
troduce an expression for the deflection angle in the weak
lensing regime which is written in terms of the curvature
scalars. It was generalized to the cosmological context by
Boero and Moreschi [47] and recently by us to take into
account second order corrections in perturbations of a
flat metric [48]. On the other hand, Gibbons and Werner
have also established a new geometrical (and topological)
way of studying gravitational lensing using the Gauss-
Bonnet theorem and an associated optical metric [49]. It
is worthwhile to mention that the concept of the optical
metric and the related Fermat principle for light rays in
general relativity was introduced first by Weyl in 1917
[50]. More precisely, Gibbons and Werner obtained an
elegant relation between the deflection angle, the Gaus-
sian curvature of the associated optical metric and the
topology of the manifold. In this approach the deflection
angle can be obtained by integrating the Gaussian cur-
vature of the metric in an appropriate two-dimensional
integration region D.
Since the seminal work of Gibbons and Werner [49],
many applications of this method for purely gravitational
lensing in astrophysical situations have emerged. In par-
ticular, this new technique is being used to compute grav-
itational lensing quantities in a variety of spacetimes in-
cluding vacuum, electro-vacuum, and with a vast array
of scalar fields or effective fluids at both finite and in-
finite distances [51–78]. More recently, in [44], we have
shown for the first time how the Gibbons-Werner method
can also be applied to the study of light rays simultane-
ously interacting with gravitational fields and a plasma
medium. It is worth noting that in this case the light rays
do not propagate along null geodesics of the underlying
physical spacetime. Despite this apparent difficulty we
have shown how the Gauss-Bonnet method, originally de-
signed to study null geodesics in pure gravitational fields,
can also be applied through judicious choice of optical
metric to the study of timelike curves followed by light
rays in a plasma environment. In fact, these results also
apply to timelike geodesics followed by massive particles
in pure gravitational fields. Thus, our results highlight
the elegance and power of the Gibbons-Werner method
by demonstrating the beautiful relationship that exists
between the deflection angle, geometric and topological
quantities associated with spacetime, and the implica-
tions of these relationships for both optics and mechan-
ics.
Due to the deep connections between geometry and
topology exposed by the Gibbons-Werner method, sev-
eral authors have proposed alternative extensions to the
Gauss-Bonnet theorem in situations where the source or
the observer can not be considered to be at infinite dis-
tance to the lens. The first alternative is presented in
references [63, 64, 71, 78] and the second in [62]. Some
remarks are in order with respect to these alternative
formulations. First, even when these proposals are based
in the Gauss-Bonnet theorem, they do not agree in their
predictions. In particular for asymptotically flat space-
times, the proposal given in [62] is different and not gen-
erally compatible with the proposal given and used in
the others [63, 64, 71, 78]. It can be easy checked by
comparison of the expressions for the deflection angle in
a Schwarzschild spacetime that these authors obtained
using their respective definitions. More precisely, even
when different authors use the same coordinate system
(the usual Schwarzschild coordinates), in [62] Arakida
obtained an expression for the deflection angle (at linear
order in the mass) with some extra terms that are miss-
ing in the Ishihara et.al. definition [63] (see eq. (54) of
reference [62] and the particular case of eq. (A.3) with
a = 0 of reference [78]). 1
Before continuing, it is important to note the following
caveat. The two separate groups of authors mentioned
above have both considered the interesting effect of the
cosmological constant on the bending angle. When a cos-
mological constant is included, these groups also obtain
different expressions for the deflection angle. An interest-
ing question is whether this difference introduces incom-
patible predictions for the related observable quantities.
However, we do not address this case in the present work,
and restrict all discussion to asymptotically flat space-
times. Therefore, it remains an open question if the two
alternative definitions give incompatible results for that
situation.
Returning to the discussion for asymptotically flat
spacetimes, since these two alternative definitions use two
different integration regions D and D′ for the integration
of the Gaussian curvature, it is difficult to see the reason
for that difference in the original presentations. In par-
ticular, even when both of these authors use quadrilateral
regions, in the case of Arakida it is a finite region and in
the case of Ishihara et.al. it is an unbounded one. We will
1 Note that eq. (A.3) of reference [78] refers to the deflection angle
computed for a Kerr metric as expressed in Boyer-Lindquist co-
ordinates. However, by taking a = 0 this metric agrees with the
Schwarzschild metric in the standard Schwarzschild coordinates
and in that situation the comparison is explicit. At linear order
in the mass these extra terms are given by
δα = −
m
b
(sin2(ϕˆR) cos(ϕˆR)− sin
2(ϕˆS) cos(ϕˆS)) (1)
where ϕˆS , and ϕˆR represent the angular coordinate of the po-
sition of the source and the receiver, respectively, and δα is the
difference between the expressions given by Arakida and Ishihara
et.al. More details, in Sec.(II)
3show below how the difference in the results of these ex-
pressions for asymptotically flat spacetimes can be easily
understood by presenting an alternative integration re-
gion in the Ishihara et.al. definition. Second, even when
finite-distance corrections to the deflection angle are de-
rived by these two alternative definitions, the authors of
[62–64, 71, 78] or [62] do not attempt to make a compar-
ison with known (and compatible) expressions from the
literature that were obtained using different techniques
[79–87]. These expressions have been tested in observa-
tions reaching back several decades ago[88–95]. More-
over, they are also routinely used and needed for high
precision relativistic astrometry [96–100]. Due to the ex-
istence of these two incompatible definitions (as previ-
ously mentioned, they do not agree even at linear order
in a Schwarschild spacetime), the comparison between
their predictions and the known quantities can be used
as a good test of their validity. We will carry out this
comparison and we will shown that the Ishihara et.al.
definition is in complete agreement with known expres-
sions.
In addition to dealing with the technical issues around
the calculation, our main motivation for the present work
is to study how the consideration of finite distances be-
tween the source, lens and observer can affect the expres-
sion for the deflection angle in astrophysical situations
where a plasma medium is present. The usual way to
study lensing due to plasma is through the Hamiltonian
equations for the timelike curves followed by light rays in
the plasma environment. On the other hand, recently we
presented a geometrical formulation of the problem using
the Gibbons-Werner method [44]. Therefore it is natural
to use this powerful technique to study the corrections
in the known expressions for the deflection angle in these
situations.
Motivated by these issues, we propose a number of
points to contribute to the discussion of this subject:
First, we present an alternative formulation of the defini-
tion given in [63] for the bending angle at finite distances
for static and spherically symmetric asymptotically flat
spacetimes2. We remark that it is not a new definition,
but an equivalent formulation. Our approach is based
on a finite region and allows us to compare with the ex-
pression given by Arakida in [62] in that situation. Fur-
thermore, this work fills the existent gap in the compar-
ison with known expressions for the bending angle at fi-
nite distance and the results obtained using the definition
given in [63]. This comparison provides confidence in the
veracity of the region definitions in that work. Finally, as
the focus of our work, we apply this powerful technique
to compute corrections to the deflection angle produced
by astrophysical configurations in the weak gravitational
field regime when a plasma medium is taken into account.
2 As we will see, the definition can also be applied to the equatorial
plane of more general static metrics with SO(2) symmetry.
In particular, for the case of a homogeneous plasma we
study finite distance corrections for the case of light rays
propagating through astrophysical objects described in
the weak gravitational region by a Parametrized-Post-
Newtonian (PPN) expansion which takes into account
the mass of the objects and a possible quadrupole mo-
ment. Even when our work concentrates in finite distance
corrections to the deflection angle, we also obtain as par-
ticular cases of our expressions new formulas which are
valid for the more common assumption of infinite dis-
tance between receiver, lens and source generalizes pre-
vious ones.
This work is organized as follows. In Sec.(II) we re-
view the definition of bending angle given by Ishihara
et.al. in [63] and we propose an alternative presenta-
tion by using a finite quadrilateral region which allows
us to make a comparison and remark on the difference
with the Arakida definition[62]. We also present a review
of known finite distance expressions for the bending an-
gle in order to prepare for later comparison with what
is obtained by the use of the Gauss-Bonnet method. In
Sec.(III) we review the theory of light rays in cold non-
magnetized plasma and the associated optical metric. We
also present a simple formula which relates the separation
angle between the images of two sources when they are
lensed by a gravitational field surrounded by a plasma
medium. In Sec.(IV) we study finite distance corrections
to the deflection angle in astrophysical situation where
the gravitational field can be represented by a PPN met-
ric and where a homogeneous plasma medium is present.
We also carry out detailed comparisons between known
expressions for the bending angle and results obtained
using the Ishihara et.al definition. As a by-product, we
obtain several new formulae for the bending angle which
generalizes previous known results in several ways. Fi-
nally in section (V) we briefly discuss the situation where
the plasma is non-homogeneous presenting the study of
a Schwarzschild spacetime surrounded by some particu-
lar cases of inhomogeneous plasma media. In particular,
we study the relevance of finite distance corrections in
a model for the plasma density of the solar corona. We
conclude with final remarks. For completeness, in Ap-
pendix A we show how three different versions of the de-
flection angle calculation give the same result using the
finite quadrilateral region (as defined in Sec.(II) ). In
appendix B we study the relationship between different
angular coordinates and the elongation angle. In Ap-
pendix C we give explicit finite distance expressions for
the contribution to the deflection angle in a Schwarzschild
spacetime produced by a model for the electronic charge
distribution of the extended solar corona.
4II. FINITE DISTANCE CORRECTIONS TO
THE DEFLECTION ANGLE USING THE
GAUSS-BONNET THEOREM
1. General remarks
The Gauss-Bonnet theorem provides a powerful frame-
work to describe finite distance corrections to the grav-
itational lens deflection angle. A thorough discussion of
this topic first requires some general discussion of defini-
tions recently used in the literature [62–64, 78].
Let us recall the application of the Gauss-Bonnet the-
orem to a two-dimensional riemannian manifold. Let
D ⊂ S be a regular domain of an oriented 2-dimensional
surface S with Riemannian metric gˆij , whose boundary
is formed by a closed, simple, piece-wise, regular and
positive oriented curve ∂D : R ⊃ I → D. Then, the
Gauss-Bonnet theorem states∫ ∫
D
KdS+
∫
∂D
κg dσ+
∑
i
Θi = 2πχ(D), σ ∈ I; (2)
where χ(D) and K are the Euler characteristic and Gaus-
sian curvature of D, respectively; κg is the geodesic cur-
vature of ∂D and Θi is the exterior angle defined in the
ith vertex, in the positive sense. Given a smooth curve γ
with tangent vector γ˙ such that
gˆ(γ˙, γ˙) = 1, (3)
and acceleration vector γ¨, the geodesic curvature κg of γ
can be computed as
κg = gˆ(∇γ˙ γ˙, γ¨), (4)
which is equal to zero if and only if γ is a geodesic, be-
cause γ˙ and γ¨ are orthogonal.
Let us consider a static spherically symmetric and
asymptotically flat spacetime,
ds2 = −A(r)dt2+B(r)dr2+C(r)(dθ2+sin2(ϑ)dϕ2), (5)
3 and a light ray propagating from a source S to a receiver
R on a null geodesic, which can be taken as lying in the
plane defined by θ = π/2 without a loss of generality.
This null geodesic can be put in one-to-one correspon-
dence with a spatial geodesic of the associated optical
metric given by [49, 50, 101]
dσ2 =
B(r)
A(r)
dr2 +
C(r)
A(r)
dϕ2. (6)
3 As we have mentioned, the restriction to spherical symmetry is
not at all necessary: the following discussion can also by applied
to the equatorial plane of static spacetimes with SO(2) symme-
try.
Ishihara et.al. [63] proposed a new definition for the de-
flection angle at finite distance using the Gauss-Bonnet
theorem, which can be written as
α = −
∫ ∫
∞
R
∞
S
KdS. (7)
In order to define the integration region ∞R 
∞
S one starts
with a region Dr, bounded by the geodesic γℓ with its
origin at a point S and end at R. Let us consider two
radial geodesics γS and γR, defined by respective con-
stants ϕS and ϕR, pass through the points S and R re-
spectively. Then, let a circular arc segment defined by
r = rC = constant close the region. The arc segment is
chosen to be orthogonal to the radial geodesics γR and
γS . The region
∞
R 
∞
S is then obtained as the limit of
the region Dr as rC goes to infinity. For a motivation
of the choice of this region see the original references
[63, 64, 71, 78]. Since we are interested in the compar-
ison of this formula with the Arakida proposal which is
based in a different quadrilateral (and finite) region[62],
we will give an alternative presentation of (7) which also
makes use of a finite quadrilateral region. Of course,
when we talk about the bending angle, we are referring
to how the path of light rays are curved with respect to
a flat spacetime. Therefore, it is natural that we relate
the behavior of null geodesics in the two spacetimes.
Consider a two dimensional space with a Euclidean
metric written in a standard polar coordinate system
{r, ϕ}. In this space let Dr be a region with bound-
aries formed by two straight line segments defined by
ϕ = ϕS = constant and ϕ = ϕR = constant and such
that their ends farthest from the origin are connected by
a circular arc segment γC defined by r = rC = constant
and the two ends nearest the origin connected by a
straight line segment γℓ (see Fig.(1). For all the following
discussion, the azimuth angular coordinate ϕ is measured
from a given polar axis. But the choice of this axis is ar-
bitrary for the moment, and this is the reason that we
have not plotted any axis or azimuth angular coordinate
in Fig.(1). We have only plotted geometrical quantities
adapted to the rotational azimuth Killing symmetry of
the metric. Later we will introduce particular azimuth
angular coordinates (See also Appendix (B)).
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FIG. 1: The region Dr in a Euclidean two-dimensional space
as described in the text. It is bounded by 4 curves: a
straight line geodesic connecting the points R and S, two
radial geodesics γR and γS and a circular curve γC which
intersects γR and γS orthogonally.
If we apply the Gauss-Bonnet theorem in this region,
we obtain the following relation for the sum of the inte-
rior angles ǫi of the region Dr (which are related to the
exterior angles Θi by Θi = π − ǫi):
∑
i
ǫi =
∫
γC
κ dσ + 2π, σ ∈ I. (8)
Of course,
∫
γC
κ dσ = ϕR − ϕS , (9)
but it will be not relevant for us.
In a similar way, let us consider a Riemannian two-
dimensional space defined in a region R2/B with B a
compact set, such that it allows a SO(2) symmetry group
and it is also asymptotically Euclidean. The metric asso-
ciated with this Riemannian manifold can be written as
dσ˜2 = a(r˜)dr˜2 + r′2b(r˜)dϕ˜2, with a(r˜) and b(r˜) going to
1 as r˜ goes to infinity. As this metric is asymptotically
Euclidean and therefore tends to the Euclidean metric
dr˜2 + r˜2dϕ˜2 as r goes to infinity, we can make an identi-
fication between the coordinates {r, ϕ} used in the polar
coordinates system of the Euclidean space where the re-
gion Dr was defined and the new coordinate r˜, ϕ˜ of the
Riemannian manifold.
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FIG. 2: The region D˜r in a Riemannian two-dimensional
space as described in the text. It is bounded by 4 curves: a
spatial geodesic γ˜ℓ connecting the points R and S, and three
curves γ˜R, γ˜S and a circular curve γ˜C identified with the re-
spective curves in the Euclidean space. By construction the
curve γ˜C also intersects γ˜R and γ˜S orthogonally. The circular
area plotted with reticulated lines in the interior represents
the region where an astrophysical object that acts as a lens is
contained. This region is not necessary covered by the polar
coordinate system described in the text.
Now let D˜r be a slightly modified region in this Rie-
mannian manifold chosen such that three of its sides are
defined in a similar way as were γR, γS and γC and with
the remaining boundary chosen as the geodesic γ˜ℓ which
coincides with the spatial geodesic associated with the
spatial orbit of the null geodesic followed by a light ray
connecting S with R in the physical curved spacetime.
See Fig.(2). Therefore, for this region we obtain
∑
i
ǫ˜i =
∫ ∫
D˜r
KdS +
∫
γ˜C
κ˜ dσ˜ + 2π, σ˜ ∈ I. (10)
Note that by construction the following crucial property
is satisfied ǫ3 = ǫ˜3 = ǫ4 = ǫ˜4 = π/2, and therefore the
difference between the sum of inner angles for the regions
Dr and D˜r is only related to the difference in the angles
that the geodesic γℓ and γ˜ℓ make with the radial geodesics
γR and γS . Motivated by the last fact, we propose the
following expression as the definition of the deflection
angle α:
α =
∑
i
(ǫi − ǫ˜i). (11)
Therefore, taking into account the equations (8) and (10)
we obtain the alternative expression:
α = −
∫ ∫
D˜r
KdS−
∫
γ˜C(S→R)
κ˜ dσ˜+
∫
γC(S→R)
κ dσ. (12)
Where the notation γ˜C(S→R) is to recall that the integra-
tion must be done on the circular arc segment γC in the
direction from S to R. Alternatively, as the other three
6curves in the quadrilateral region are geodesics, Eq.(12)
can be written as
α = −
∫ ∫
D˜r
KdS −
∮
∂D˜r
κ˜ dσ˜ +
∮
∂Dr
κ dσ, (13)
with the line integrals made on the respective bound-
aries ∂D˜r an ∂D˜r of the regions D˜r and Dr in a counter-
clockwise direction. By construction the right hand side
of Eq.(12) gives the same result for any curve γC defined
by rC = constant. This definition is an alternative pre-
sentation of the proposed definition of Ishihara et.al.[63].
In particular, as the metric is assumed to be asymptot-
ically Euclidean, we can take the limit of rC going to
infinity, in which case
∫
γ˜C
κ˜ dσ˜ → ∫
γC
κ dσ, resulting
in an expression for the angle α which reduces to the
formula (7) as given by Ishihara et.al.[63].
In fact, we can repeat the same procedure but without
the assumption that the curve γ˜ℓ is geodesic. In this case,
even when the region Dr remains unchanged, we obtain
a new region D˜∗r and Eq.(12) is modified to:
α =−
∫ ∫
D˜∗r
KdS −
∫
γ˜ℓ(R→S)
κ˜ dσ˜ −
∫
γ˜C(S→R)
κ˜ dσ˜
+
∫
γC(S→R)
κ dσ
=−
∫ ∫
D˜∗r
KdS −
∮
∂D˜∗r
κ˜ dσ˜ +
∮
∂Dr
κ dσ.
(14)
If we assume a region D˜ ≡ ∞R ∞S obtained from D˜∗r in
the limit of rC going to infinity, it is easy to see that the
relation (14) reduces formally to the expression found in
Ref.[78] for the deflection angle at finite distances valid
for a general stationary and axially-symmetric spacetime
(Note that in such cases, as explained in detail in [78] a
modification of the form of the optical metric is needed).
With the expression (12), we are ready to compare
with the Arakida definition [62]. In that reference the
author also takes a finite quadrilateral region but instead
of using the circular curve γC , a new curve γΓ is chosen
which is identified with the spatial geodesic associated to
a light ray connecting R and S if the spacetime were flat,
that is, in the Euclidean space it is in fact a straight line.
Keeping the definition (11) for the deflection angle with
these new regions, and noting that for a quadrilateral
trapezoid in Euclidean space, the sum of interior angles
always is equal to 2π, we obtain a new deflection angle,
α˜ = 2π −
∑
i
ǫ˜i; (15)
which exactly agrees with the definition of Arakida [62]
(in that reference the interior angles are denoted βi.)
Equivalently, for this new choice of regions, the integra-
tion around the curve γΓ (which replaces the curve γC)
in the last term in (12) is exactly zero, because it is com-
puted in the Euclidean background spacetime and γΓ is
a geodesic of the Euclidean space by construction, and
therefore only the first two terms in (12) survive, and
we arrive at an expression with exactly the same form as
found in [62] (Equation (35) of that reference). There-
fore, it should appear at first sight that the definition
(11) also contains as particular case the definition for the
deflection angle given by Arakida. However, note that
in the motivation for (11) the equality between the inte-
rior angles ǫ3 and ǫ˜3 and between ǫ4 and ǫ˜4 was crucial.
Note, that we could have written the expression for the
deflection angle as the difference between the sum of ǫ1
and ǫ2 and their tilde version, emphasizing in this way
that it only depends on the angles that the null geodesic
connecting S with R makes with the radial curves in the
curved space as compared to the similar angles defined in
the background. More precisely, we could also have writ-
ten the deflection angle without any reference to closed
regions as
α = (ǫ1 − ǫ˜1) + (ǫ2 − ǫ˜2), (16)
For the use of the Gauss-Bonnet theorem we need a closed
region. Since the deflection angle only depends on the
difference of angles formed by the actual null geodesic
and the radial geodesics in both spaces, the new curve
used to close the region must be chosen such that the
angles between the new curve and the radial directions
are the same in both curved and flat space. This can
only be the case if the new curve is chosen as the cir-
cular arc segment as γC whose tangent vectors are the
rotational Killing vectors ∂∂ϕ , and therefore are always
orthogonal to the radial geodesics in both spaces. How-
ever, this will not be the case if instead of the curve γC
we choose as the new curve γΓ (as used by Arakida). In
such a situation, the curve γΓ forms different inner angles
with the radial directions in both spaces, and therefore
the new deflection angle as given by (15) has not only
information concerning to the bending of the light ray
which connects the source with the receiver but also of
the newly introduced curve γΓ. Therefore, the use of the
equation (15) seems not to be well motivated. In fact,
as we mentioned in the introduction, comparison of the
expressions found in [63] and [62] for the deflection an-
gle at finite distances in a Schwarzschild background do
not agree even at first order in the mass. For this exam-
ple, it is easy to check that the origin of the difference
between the Ishihara et.al. expression for the deflection
angle and the Arakida expression does indeed originate
in the difference between the values of the inner angles
that the curve γΓ makes with the radial curves in both
the Euclidean and the curved spaces. More precisely, as
follows from eq.(44) of [62] at linear order in the mass
the difference between ǫ3 and ǫ˜3
4 is
ǫ3 − ǫ˜3 = m
b
sin2(ϕˆS) cos(ϕˆS). (17)
4 In the Arakida notation our inner angle ǫ3 is denoted as β2, and
in particular β2 = E in his notation. See Eq.(44) of [62].
7The hat symbol above the angular coordinate (ϕˆ) is to
differentiate it from other azimuth angular coordinate
associated to a different polar axis that we will choose
later. They are chosen such that the point of closest
approach of the light ray to the to the central lens is at
an azimuth angle of ϕˆ = π/2. It was the choice used by
Ishihara et.al. and Arakida in their respective works. A
similar expression follows for the difference of the angles
ǫ4 and the tilde version. This difference will contribute to
the deflection angle (even at linear order in m). Hence,
from the two definitions, we arrive at a difference between
the formulas for the deflection. In particular, using the
definition of [63], the deflection angle at linear order in
the mass, denoted as α[63] reads (See Eq.(A.3) of Ref.[78]
in terms of the angular coordinates with a = 0, or Eq.(37)
of Ref.[63] with Λ = 0):
α[63] =
2m
b
(
cos(ϕˆS)− cos(ϕˆR)
)
. (18)
In comparison, the expression αArakida given by
Arakida(Eq.(54) of [62]) reads:
αArakida = α[63] + δα; (19)
with
δα = −m
b
(
sin2(ϕˆR) cos(ϕˆR)−sin2(ϕˆS) cos(ϕˆS)
)
. (20)
As anticipated, these extra terms are originated by the
relations like (17) and a similar formula for ǫ4 − ǫ˜4.
With respect to the expressions (18) and (19) some
remarks are in order. First, let us note that these dif-
ferences are more than relevant with respect to the ac-
tual observability of the finite distance corrections. Let
us consider, for example, the deflection produced by our
Sun when the light rays of a far away source graze the
surface and reach us on Earth. For such situation we can
make the following approximations: ϕˆS = 0 + O(m)5,
ϕˆR = π − δϕˆ, with δϕˆ = arcsin(b/ro) ≈ b/ro ≈ 4× 10−3,
where ro is the distance from the Sun to the Earth, and b
equal to the radius of the Sun. Then, as proved by Ishi-
hara et.al., the difference between the infinite distance
expression and α[63] is of the order of 10
−5arcsec. More
precisely, by doing a Taylor expansion of (18) we obtain
α[63] ≈
4m
b
− mδϕ
2
b
− mδϕ
4
4b
+O(δϕ5). (21)
Hence, the first correction to the infinite distance expres-
sion is approximately given by mδϕ
2
b ≈ 10−5arcsec, which
5 More precisely as the source goes to infinity, ϕˆS → −α∞/2
where α∞ should be the total deflection angle if both the source
and the receiver were at a great distance from the lens. See Ap-
pendix (B) for more details between different azimuthal angular
coordinate systems.
is within the capabilities of actual observations. Even
when Arakida do not compute the numerical correction
for this example, we can do the same exercise. The new
terms contribute as
δα ≈ mδϕ
2
b
− mδϕ
4
2b
+O(δϕ5). (22)
Surprisingly, as the Arakida expression is obtained by
the addition of (21) and (22), we note that there exists a
cancellation between the quadratic terms in δϕ, resulting
in a final expression given by
αArakida ≈ 4m
b
− 3mδϕ
4
4b
. (23)
Hence, the correction to the usual Schwarzschild expres-
sion is of the order of 10−5µsec, a value undetectable with
the actual technology. Let us recall that the deflection
angle is routinely measured by using the Eddington pro-
cedure on observations of the same source at two different
times: when the Sun is present between the source and
observer and when it is not. More generally, the change in
the angular position of the images are usually compared
with respect to some references objects using differential
astrometry [84, 100]. Alternatively, observations in one
only session are made by observing the passing of the
Sun around the line of sight of radio sources [102]. A
similar procedure is used to study the deflection of light
by planets when they pass over the star background field
[103]. Moreover, as we will see below, even considering
rays coming from far away sources whose images form an
elongation angle (that is, the angle between the Sun, the
Earth and the image) of θI = 45
◦ (ϕˆR = 3π/4 +O(m)),
the expression of Arakida differs with the Ishihara et.al.
alternative up to as much as 1mas (one milliarcsecond).
Therefore, the ramifications of these two formulae are not
only of academic interest, but also practical.
Second, as we will show below (Secs. (II 2) and
(IVC)), Eq. (7) or its equivalent (12) yield the same re-
sults when they are compared with other well-known ex-
pressions obtained using standard post- Newtonian tech-
niques, even in more general situations such as the in-
clusion of a possible quadrupole moment of the lens and
second order corrections in the mass. In fact, even when
Ishihara et.al. [64] studied the bending of light rays from
far away sources (ϕˆS = 0 + O(m)) due to the Sun, the
expression obtained is a particular case of a well-known
result found by Shapiro in 1967 [80] (see also Ward [104]),
namely
α =
(1 + γ)m
b
(1 + cos(θI)), (24)
where θI is again the elongation angle between lens, ob-
server and source related to ϕˆR by θI = π− ϕˆR+O(m)6.
6 See Section (II 2) and Appendix (B). In terms of ϕˆR and the ra-
dial coordinate of the receiver ro (related to b by b = ro sin(ϕˆR)+
O(m)) the expression (24) reads α =
(1+γ)m
ro
tan( ϕˆR
2
).
8In this expression γ is the Eddington post-Newtonian pa-
rameter (See Fig.(4). More details will be discussed in
the following Section (II 2)). The usual infinite distance
expression is recovered by taking θI → 0. The expres-
sion (24) is not only well discussed in several textbooks
[83, 84, 105] , but also it has been continuously tested
experimentally using distant sources whose images form
different elongation angles with the Sun. These elonga-
tion angles vary from arcsin(R⊙/ro) (with R⊙ the so-
lar radius) to 180◦. Even more, these observations are
used to constrain the value of the γ factor [89, 91–95];
testing the equivalence principle by observing the appar-
ent shifts of active galactic nuclei (AGN) core positions
by using our own galaxy as a lens[106]; the deflection of
light produced by the Earth using data of Hipparcos[107]
or to reduce geodetic Very Long Baseline Interferometry
(VLBI) data[108].
In comparison with (24), the Arakida expression has an
extra term obtained from (20) by taking ϕˆS = 0+O(m)
and ϕˆR = π − θI +O(m) given by (see Appendix (B))
δα =
m
b
sin2(θI) cos(θI) =
m
2ro
sin(2θI), (25)
where in the last term we have made the replacement
b = ro sin(θI), with ro the radial distance between the
observer and the lens. In the Fig(3) we have plotted both
the Shapiro expression (with γ = 1) and the Arakida
expression for ro = 1AU, and also their difference δα as
given by (25). At elongation angles θI equals to 45
◦ or
135◦ the difference is as big as 1mas. Let us remember
that instruments like GAIA can measure variations in
angular position of the stars with a resolution as small as
1µas at elongation angles which vary between θI ≈ 45◦
to 180◦. Even for planets like Jupiter, this 1µas light
deflection is reached at elongation angles of 90◦ or at 17◦
for Saturn[103, 109].
We will show below how the expression (24) and also
other more general results can be successfully recovered
from the Ishihara et. al. definition.
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FIG. 3: Comparison between the Shapiro and Arakida ex-
pression for the deflection angle in terms of the elongation
angle θI for an observer placed at 1 AU of the Sun (γ = 1).
Around θI = 45
◦ and 135◦ the difference can be as big as
1mas.
All these discussed issues give us confidence in the ex-
pression defined by Ishihara et.al. in [63] and given by
(7) or its equivalent versions (12) and (13).
Note that even when (11) and (12) are equivalent to the
original result found by Ishihara et.al. ((7)), they were
never before explicitly presented in the literature. In par-
ticular, (11) has a clear geometrical meaning.7 As a use-
ful test, in Appendix (A) we will show using an explicit
example how the original version (7), or its equivalent
new finite region versions (11) and (12) give the same
result. Of course, Eq.(7) is more easy to use, because
one does not need to compute the geodesic curvatures.
Therefore, from now on we will continue using this last
expression.
2. Relation between the Ishihara et.al. definition of
deflection angle at finite distance and some known
expressions in the literature using a post-newtonian
approach.
The deflection angle for a Schwarzschild metric and
for a Kottler spacetime were calculated using equation
7 In references [63, 64, 71, 78] there is an alternative presentation
for the deflection angle α as a particular sum of three angles,
which is written in terms of two geometrical angles that γℓ form
with the radial curves and a coordinate angle ϕRS , but as the
authors claim, this definition seems to rely on a choice of the
angular coordinate ϕRS , however they show that this definition is
equivalent to the geometrical invariant version (7). More details
about the comparison between (11) and the angular definition
in terms of the sum of three angles[63] are presented in the last
part of Appendix (A).
9(7) in [63] and using the version (15) in [62]. In particu-
lar, the possibility of observing these finite corrections for
the bending angle for a Schwarzschild spacetime were dis-
cussed [64, 78]. As previously mentioned, the computa-
tion of corrections at finite distances for the deflection an-
gle has been done by different authors under more general
situations and well discussed in textbooks for many years
(Expression (18) can be found for example in [84]). Re-
cently these calculations have been performed using post-
Newtonian methods, solving explicitly the geodesic equa-
tion in particular spacetimes [79–87, 110]. In fact, such
expressions are needed in high-precision astrometry[96–
98]. Unfortunately, the authors of [64] or [62] do not try
to make a comparison with these different results.
In this work, we show that the deflection angle which
follows from (7) is in complete agreement with known fi-
nite distance expressions even considering second order
effects and more general metrics than the Schwarzschild
solution. In particular, we are interested in the com-
parison of the finite distance expression for the deflec-
tion angle as computed by Richter and Matzner for
a parametrized-post-Newtonian (PPN) metric[81]. Of
course, the equivalence between the Ishihara et.al. defi-
nition with the well-known expressions also implies that
the Arakida definition can not reproduce these results.
A detailed discussion of the PPN metric first requires
some review of basic facts and assumptions. Let us re-
call the form of the general PPN metric that represents
the exterior of a static and axially symmetric compact
body with mass m and multipole moments Jn. For this
case the metric is described by an expression similar to
the expression given by Eq.(5) but now with the asso-
ciated metric functions A˜, B˜ and C˜ depending on the
coordinates r and ϑ:
A˜(r, ϑ) =1 + 2U˜(r, ϑ) + 2βU2(r, ϑ),
B˜(r, ϑ) =1− 2γU˜(r, ϑ) + 3
2
νU˜2(r, ϑ),
C˜(r, ϑ) =B(r, ϑ)r2,
(26)
where the potential U˜ reads
U˜(r, ϑ) = −m
r
[
1−
∞∑
n=2
(
R
r
)nJnPn(cos(ϑ))
]
, (27)
with Pn(x) the Legendre polynomials. Here β, γ and
ν are three parameters which take the value 1 in the
Einstein general relativity theory. In that case, if Jn = 0,
this metric represents the second order version of the
Schwarzschild metric. Let us also assume that in addition
to the mass m, the only non-vanishing multipole is the
quadrupole moment, J2.
Of course, this metric is not spherically symmetric.
However if we restrict our study to the propagation of
light rays in the plane defined by ϑ = π/2, the PPN met-
ric to this plane has an SO(2) symmetry and the metric
functions are given by
A(r) = A˜(r, π/2) = 1 + 2U(r) + 2βU2(r), (28)
B(r) = B˜(r, π/2) = 1− 2γU(r) + 3
2
νU2(r), (29)
C(r) = C˜(r, π/2) = B(r)r2 , (30)
with
U(r) = −m
r
(
1 +
R2J2
2r2
)
. (31)
Let a gravitational compact object be represented in the
weak gravitational field region outside the object by the
previous metric, and let us assume a lens L, receiver R
and a source S configuration as shown in Fig.(4). For the
moment, we also assume that the source is far away from
the lens and we choose a new azimuth angular coordinate
ϕ such that ϕS = 0, referring to Fig.(4). More details be-
tween this angular coordinate and the previously defined
ϕˆ will be given in Sec.(IVB 2) (see also Appendix(B)).
However, the receiver is assumed to be at a finite distance
from the lens. In this case, the standard operational way
to define the deflection angle is through the quantity
δθ = θI − θ′, (32)
where θI is the angle between the image of the source
as seen by the receiver and the receiver-lens axis, and θ′
is the value that this angle should take if the lens were
absent [81–84]. If we were to assume that the receiver
R is at infinite distance from the lens, then δθ should
agree with the asymptotic deflection angle α∞. How-
ever, due to the finite distance location of the receiver
there exists a disagreement between these two angles in
general. Of course, δθ is not by itself directly observable
if one uses a single observation; it must be measured us-
ing the Eddington procedure as explained above through
two different observations at different times. We will use
later this quantity to introduce another formula which
takes into account the angular separation of the image
of the source with respect to a reference object which is
not necessarily the lens. Other observable quantities that
can be computed from the deflection angle are the optical
scalars known as shear and convergence (see for example
[44, 46, 48] and references therein). However, in this dis-
cussion we will concentrate on the Eddington procedure
and the associated differential astrometry technique (See
for example [84, 100, 105, 111] and references therein for
more details). Different authors using different methods
have computed the deflection angle δθ in terms of the pa-
rameters of the compact object (lens) and the observable
angle θI . These expressions can be found two separate
ways: in terms of the impact parameter (which at finite
distance is not an observable) or in terms of the radial
coordinate ro between the receiver and the lens. If we
consider only the computation of δθ at first order in m
and in J2, the relation between the impact parameter and
the radial coordinate ro is simply b = ro sin(ϕR) which
of course, must be corrected at second order.
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FIG. 4: A light ray travels from a distant source S to the
receiver R through a region where a lens L is present. The
angle θI is defined by the angle between the lens, the receiver
and the angular position of the image S′. The angle θ′ is the
angular position of the source in the absence of the lens as it
would be seen by the receiver if the source were considered
to be far away. The difference between these two angles is
defined to be δθ.
Before continuing, let us remark on the notation: even
when δθ is a commonly used notation for the the deflec-
tion angle at finite distances, we will continue denoting
δθ as αS∞ (we use the suffix S∞ in α as a reminder that
the source is assumed to be placed at infinite distance
from the lens). On the other hand in the case of infi-
nite distances (for both, the receiver and the source) the
deflection angle will be denoted as α∞.
More than three decades ago it was shown by Richter and Matzner in [81] that the deflection angle for the previous
configuration of receiver, lens and source in a gravitational field represented by a PPN metric given by (28), (29), and
(30), can be written in terms of the observable angle θI and the (non-observable) impact parameter b as
δθ ≡ αS∞ = α(1)S∞ + α
(2)
S∞
, (33)
where α
(1)
S∞
and α
(2)
S∞
are the linear and quadratic terms in the mass of the deflection angle:
α
(1)
S∞
(b, ϑI) =
m
b
(1 + γ)(1 + cos(θI))
[
1 +
J2R
2
2b2
(
2 + cos(θI)− cos2(θI)
)]
, (34)
α
(2)
S∞
(b, ϑI) =
m2
b2
(2− β + 2γ + 3
4
ν)(π − θI + sin(θI) cos(θI)). (35)
In fact, a more general metric which admits rotation
of the gravitational object and more general energy-
momentum distributions has been studied [81], but for
our purposes it is sufficient to restrict the study to the
considered case.
Equations (34) and (35) can also be rewritten in terms
of the radial coordinate ro of the receiver which is related
to b (see [81]) by:
1
b
=
1
ro sin(ϑI)
− (1 + γ) m
r2o sin(ϑI)
+O(m2,mJ2). (36)
In terms of ro, the relations (34) and (35) read[81]
α
(1)
S∞
(ro, ϑI) =
m
ro
(1 + γ)
[
(1 + cos(θI))
sin(ϑI)
+
J2R
2
2r2o sin
3(ϑI)
(
2 + 3 cos(θI)− cos3(θI)
)]
, (37)
α
(2)
S∞
(ro, ϑI) =
m2
r2o
[
(2− β + 2γ + 3
4
ν)
π − θI + sin(θI) cos(θI)
sin2(ϑI)
− (1 + γ)2 1 + cos(ϑI)
sin(ϑI)
]
. (38)
A natural question arises: Can these finite distance rela- tions for the bending angle, (34) and (35) or their equiv-
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alent (37) and (38), be recovered from the proposal given
by the formula (7) of [63] or the other nonequivalent al-
ternative given by (15) of [62]? We will show in Section
(IVC) that the answer to this question is affirmative for
the version given by the Ishihara et.al. definition, giving
us much more confidence to this geometrical way to com-
pute the deflection angle at finite distances. Moreover,
this non trivial result will follow as a particular case of
the study of more general astrophysical situations, where
the gravitational objects described by the PPN metric
given by Eqs.(28), (29) and (30) are now surrounded by
a plasma medium. That is, we will obtain expressions
which can be used for a variety of spacetimes into the
framework of gravitational metric theories which contains
as a particular case the Einstein general relativity theory
and which does not only represent the spacetime of a
central spherical body mass but also it allows a the body
with a nontrivial quadrupole moment and that can be
immersed in a plasma environment. Of course, in that
case, the light rays do not follow null geodesics of the
PPN metric; however their dynamics is such that there
exists an associated two-dimensional optical metric goptij
where the spatial orbits of the light rays in the physical
metric can also be considered to be spatial geodesics of
goptij allowing us to use the Gibbons-Werner techniques.
In particular, we will show for the first time that the
relations (34) and (35) or (37) and (38) can be recov-
ered and successfully derived from the simple and geo-
metrical relation (7) and, what is more important, they
can be generalized to more general scenarios taking into
account the presence of a homogeneous plasma environ-
ment. As a byproduct we will also introduce for the
first time new useful formulas for the separation angle
between two sources. However, let us first review the be-
havior of light rays in the presence of plasma and how
they can be studied using the Gauss-Bonnet theorem.
III. THE OPTICAL METRIC AND THE
GAUSS-BONNET THEOREM IN A PLASMA
ENVIRONMENT
A. The optical metric associated to a plasma
medium in an external gravitational field
Let us consider a static spacetime (M, gαβ) filled with
a cold non-magnetized plasma described by the refractive
index n [30, 31],
n2(x, ω(x)) = 1− ω
2
e(x)
ω2(x)
, (39)
where ω(x) is the photon frequency measured by a static
observer while ωe(x) is the electron plasma frequency,
ω2e(x) =
4πe2
me
N(x) = KeN(x), (40)
with e and me the charge of the electron and its mass,
respectively; and N(x) is the number density of electrons
in the plasma.
We are interested in the the deflection of the light path
when rays travel through a gravitational field in a plasma
filled environment. The dynamics of the light rays are
usually described through the Hamiltonian [19, 30],
H(x, p) =
1
2
(
gαβ(x)pαpβ + ω
2
e(x)
)
, (41)
where light rays are solutions of the Hamilton’s equation
ℓα =
dxα
ds˜
=
∂H
∂pα
,
dpα
ds˜
= − ∂H
∂xα
; (42)
with the constraint
H(x, p) = 0, (43)
and s˜ is an curve parameter along the light curves.
From (43) in can be shown that in general light rays do
not follow timelike or null geodesics with respect to gαβ.
Instead, they describe timelike curves with the exception
of a homogeneous plasma medium where light rays follow
timelike geodesics of gαβ . Note that only light rays with
ω(x) > ωe(x) propagate through the plasma.
On the other hand, for the case of static spacetimes,
even considering dispersive media one can use a Fermat-
like principle[101], where the spatial projections of the
light rays on the slices t = constant which solve the
Hamilton’s equations are also spacelike geodesics of the
following Riemannian optical metric,
goptij = −
n2
g00
gij . (44)
It was precisely this last fact that recently allowed us
to study the deflection of light in plasma environments
using the Gauss-Bonnet theorem [44].
From now on, we will restrict our attention to static
and axially symmetric metrics surrounded by a cold non-
magnetized plasma, that is, the physical spacetime is as-
sumed to be described by a metric of the form
ds2 =− A˜(r, ϑ)dt2 + B˜(r, ϑ)dr2
+ C˜(r, ϑ)(Θ(r, θ)dϑ2 + sin2 ϑdϕ2),
(45)
and with a dependence of the plasma frequency on the
coordinates r and ϑ, ωe = ωe(r, ϑ). Note that we are
neglecting the self-gravitation of the plasma. We also as-
sume asymptotic flatness and that the plasma medium is
static with respect to observers following integral curves
of the timelike Killing vector field ξα = ( ∂∂t )
α. Due to
the gravitational redshift, the frequency of a photon at a
given radial position r is given by:
ω(r, ϑ) =
ω∞√
A˜(r, ϑ)
, (46)
where ω∞ is the photon frequency measured by an ob-
server at infinity. Now we will restrict to the study of
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light propagation in the plane defined by ϑ = π/2. If the
spacetime under consideration is spherically symmetric
this restriction does not constitute any loss of generality.
However, for the axially-symmetric case we should keep
in mind that our results will be only valid for light propa-
gation on this plane. Restricted to ϑ = π/2, all variables
only have a radial dependence and the metric functions
will be written without a tilde in a similar way as was
done in (28), (29), (30).
As we are interested in the application of the Gauss-
Bonnet theorem to the determination of the bending
angle, following our previous work[44], we will make
use of the associated 2-dimensional Riemannian mani-
fold
(Mopt, goptij ) with the SO(2) optical metric (44) (re-
stricted to the plane ϑ = π/2),
dσ2 = goptij dx
idxj =
n2(r)
A(r)
(
B(r)dr2 + C(r)dϕ2
)
. (47)
This metric is conformally related to the induced metric
on the spatial section t = constant, ϑ = π/2, of the
physical spacetime, and therefore it preserves the angles
formed between two curves at a given point.
The geodesic motion follows from the Lagrangian,
L = 1
2
[
n2(r)
A(r)
(
B(r)
(
dr
dσ
)2
+ C(r)
(
dϕ
dσ
)2)]
, (48)
with the constraint:
n2(r)
A(r)
[
B(r)
(
dr
dσ
)2
+ C(r)
(
dϕ
dσ
)2]
= 1. (49)
In the case of a homogeneous plasma (ωe = constant, see
below), it follows from (48) and (49), the orbital equation
is given by[44],(
dr
dϕ
)2
=
C(r)
B(r)
[
C(r)n2(r)
A(r)n20 b
2
− 1
]
, (50)
where n20 = 1− ω
2
e
ω2oA(ro)
, and with ωo the frequency of the
light ray measured by the receiver at ro (related to ω∞
by ω∞ = ωo
√
A(ro)).
Defining u = 1r , the above equation reduces to,(
du
dϕ
)2
=
u4C(u)
B(u)
(
C(u)n2(u)
n20(u0)b
2A(u)
− 1
)
. (51)
In terms of the curvature tensor associated with the op-
tical metric, the Gaussian curvature K can be computed
from
K = Rrϕrϕ(g
opt)
det(gopt)
. (52)
B. About the measurement of light deflection
propagating into a plasma medium
A standard procedure to measure the bending in light
rays which propagate in a region with a lens present con-
sists in observing how the relative angle Θ between two
far away sources (one of them chosen as a reference Sr)
changes when our Sun (or a different star or a planet)
pass near the line of sight of the source S[111]. Therefore,
in order to study how these relative angular positions de-
pend of the location of the observer, lens, source and the
plasma, a general formula for this angle is needed. As
the light rays in plasma media follow in general time-
like curves we need an expression for the relative an-
gle for these kind of curves. The general expression for
causal curves was recently derived by Lebedev and Lake
in [112, 113]. Their result is the following. Let Ua be
a 4-velocity of an observer and K, W be two arbitrary
future causal vectors with K¯, W¯ their spatial projections
into the local frame of the observer. Then, the angle be-
tween K¯, W¯ in the position of the observer, which is a
measurable quantity, is given by:
cos(Θ) =
KαW
α + (UαK
α)(UβW
β)√
KαKα + (UαKα)2
√
WαWα + (UαWα)2
.
(53)
It is important to note that (53) is an explicitly gauge
invariant quantity.
As a corollary from the above expression we proof now
the following useful result.
Theorem 1 Let γ and γ′ be two light rays with 4-
momentum pα and p′α propagating not necessarily at the
same frequency into a cold plasma medium in a static
and asymptotically flat spherically symmetric spacetime
of the form (5). Then, at the position of an observer with
4-velocity Ua the angle (53) between the two rays takes
the form,
cos(Θ) =
1
n(p)n(p′)
(
1 +
pαp
′α
(pβUβ)(p′βU
β)
)
, (54)
where n(p) and n(p′) are the respective refractive in-
dices which can be written in terms of the associated
frequencies as observed in the position of the observer
as n2(p(ω)) = 1 − ω2e(r)/ω2(r) and n2(p′(ω′)) = 1 −
ω2e(r)/ω
′2(r).
Even though this is a very simple formula, we have
no knowledge of a previous presentation of it. We note
that this expression reduces to the well-known pure
gravity expression when n(p) = n(p′) = 1. (See for
example [84]). Note also that this expression can be
used to compute the change in the relative position angle
between the two images due to pure gravitational and
plasma lensing effects, and additionally to aberration
effects depending of the relative velocity between the
observer and the lens (codified in the factors pβU
β and
p′βU
β which depend of Ua). However, even when the last
effects can be easily introduced in the general formulae,
for simplicity we will restrict here to the case that the
observer is considered to be static with respect to the
lens.
Proof: From the Hamiltonian given by (41) it follows
that the tangent vectors to the light rays are parallel
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to the 4-momentum and therefore we can compute their
relative angle using Eq.(53) with the vectors K and W
identified with pα and p′α. On the other hand, for two
photons with 4-momentum pα and p′α propagating into
a plasma medium the respective refractive indices read
[26, 101],
n2(p) = 1 +
pαp
α
(pβUβ)2
, n2(p′) = 1 +
p′αp
′α
(p′βU
β)2
, (55)
which can be re-expressed as√
pαpα + (pαUα)2 = n(p)(pαU
α) (56)√
p′βp
′β + (p′βU
β)2 = n(p′)(p′βU
β). (57)
By replacing the last expressions into eq.(53) the result
follows.
For a static plasma medium one can see from the
Hamilton equations that,
pα = ω(xi)
(
Uα + n(xi)eˆα
)
(58)
where ω(xj) = −pαUα, n2(xi) = 1 − w
2
e(x
i)
w2(xi) and eˆ
α is a
spatial-like vector orthogonal to Uα and tangent to the
3-dimensional hypersurfaces Σt defined by t = constant,
They are normalized to 1 with respect to the metric (5).
Uα is the 4-velocity of the observers orthogonal to the
slices Σt, that is U
α = t
α√
−g(tα,tα)
, with tα = (1, 0, 0, 0).
We have a similar expression for p′α, with respective fre-
quency ω′(xi).
In order to construct from (54) a relationship that can
be easily tested by observations and also that takes into
account the presence of the plasma we will follow the
procedure given by Poisson and Will in [105] (See also
[84]). As we are interested in the first order change of
the relative angle Θ between two given sources (one of
them used as a reference source Sref) in the presence of
a lens as compared with the relative angle Θ′ without
its presence, we must take into account that the spatial
direction of the photon 4-momentum of each light ray
will change compared with its unperturbed flat value.
Let us consider a photon with 4-momentum pα start-
ing at the position of a source S, and another photon
with 4-momentum p′α starting from a reference source
Sref , both of them reaching the observer at R (see Fig.
5). We consider that both sources are far away from
the lens, which is in general the more common situa-
tion. We also assume that at linear order the metric
is written in a cartesian and isotropic coordinate sys-
tem as gαβ = ηαβ + ǫhαβ with the only non-vanishing
components of hαβ given by hαβ = (h00, hrrδij), where
ǫ is a bookkeeper parameter which measures the devia-
tion of the Minkowski spacetime. The unperturbed spa-
tial directions of the light rays are given by kˆi for the
source S and by kˆir for the reference source (which are
unit vectors with respect to the euclidean metric). Under
these assumptions, at first order in ǫ the spatial vector
eˆα = (0, eˆi) associated to the 4-momentum pα of the light
ray coming from S and the spatial vector eˆ′α = (0, eˆ′i)
associated to the 4-momentum p′ of the ray coming from
Sref will be given by,
eˆi = (1 − ǫ
2
hrr)kˆ
i − αS bˆiS +O(ǫ2), (59)
eˆ′i = (1 − ǫ
2
hrr)kˆ
i
r − αr bˆir +O(ǫ2), (60)
where we have taking into account that αS and αr are
O(ǫ) quantities representing the deviation angles associ-
ated to S and Sr respectively and bˆ
i
S =
~biS
bS
and bˆir =
~bir
br
are the unit vectors (with respect to the euclidean met-
ric) in the direction of the respective impact parameters
vectors.
R

S
Sref



r

ro

FIG. 5: R, L, S and Sref denote observer, lens, source and
reference source positions. Solid lines mean the real paths
of photons while the dot ones indicate the photon trajectory
in the background. All angular quantities as well as lens-
observer position ro are observable quantities.
Now we compute the angle Θ using the formula (54)
at first order in the perturbation of the flat background.
After a simple computation we arrive to the following
expression:
cos(Θ) = kˆ · kˆr − αS(kˆr · bˆS)− αr(kˆ · bˆr) +O(ǫ2), (61)
where “·” means scalars product with respect to the back-
ground euclidean metric. Note that this expression has
formally the same form that Eq. 10.74 in [105] even when
in that reference it was deduced from the particular case
of (54) when n(p) = n(p′) = 1. In contrast, in our more
general setting the light rays can follow timelike curves
and the deflection angles are allowed to take into account
the presence of the plasma.
Following [105], it is straightforward to see that one
can rewrite (61) as
cos(Θ) = cos(Θ′)− αS
(
cosΦ′r − cosΦ′S cosΘ′
sinΦ′S
)
− αr
(
cosΦ′S − cosΦ′r cosΘ′
sinΦ′r
)
,
(62)
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where the angles Φ′S and Φ
′
r are the unperturbed val-
ues of the angles between observer, lens and source, and
between observer, lens and reference source respectively.
Note that, despite the scenario shown in figure (5), the re-
ceiver, source, lens and reference source are not assumed
to be necessarily at the same plane. For small departures
from the background path we define ∆Θ = Θ −Θ′ ≪ 1,
and expand the left hand side in (62) as,
cosΘ ≈ cosΘ′ − sinΘ′∆Θ. (63)
Therefore, replacing it in (62), we obtain
∆Θ =αS
(
cosΦ′r − cosΦ′S cosΘ′
sinΦ′S sinΘ
′
)
+ αr
(
cosΦ′S − cosΦ′r cosΘ′
sinΦ′r sinΘ
′
)
.
(64)
Even more, as we are considering first order corrections,
we can replace the angles Φ′S , Φ
′
r, and Θ
′ by the respec-
tive observable angular positions θIS and θIr, and Θ (See
Fig.(6)), namely:
∆Θ =αS
(
cos θIr − cos θIS cosΘ
sin θIS sinΘ
)
+ αr
(
cos θIS − cos θIr cosΘ
sin θIr sinΘ
)
,
(65)
obtaining in this way a relationship between observable
quantities that allows us to test our expressions for the
deflection angle of different plasma density profiles and
gravitational fields.
R
L
S
Sref
S
r

ro

FIG. 6: From the position of the receiver different observable
angles can be measured. Θ is the angle between Sref and S,
θIS is the angle between S, R and L, and θIr is the angle
between Sref, R and L.
It is worthwhile to note that if the reference source is
chosen as the lens, that is, if the direction of the reference
source and the lens coincide, (θIr = 0 and Θ = θIS),
eq.(65) reduces to:
∆Θ = αS . (66)
As astronomical angular measurements are performed
on the celestial sphere, it is convenient to express (65) in
terms of angles projected on the plane of the sky. Then,
(65) can be expressed in term of the projected angles A
and B as,
∆Θ = αS cos(B) + αr cos(A), (67)
where A is the angle between Sref −S and Sref −L, and
B the one between Sref−S and S−L directions projected
on the celestial sphere. The relation (67) follow from the
well-known spherical trigonometric identities [105]:
cos(θIr) = cos(θIS) cos(Θ) + sin(θIS) sin(Θ) cos(B),
(68)
cos(θIS) = cos(θIr) cos(Θ) + sin(θIr) sin(Θ) cos(A).
(69)
In particular, if the lens, observer, and the two sources
are at the same plane, with both sources at the same
side of the lens as seen by the observer, then B = 0 and
A = π, and the variation in the separation angle reduces
to
∆Θ = αS − αr, (70)
a result that also follows from a simple inspection of
Fig.(6). Relations like (67) with αS and αr given by
the Shapiro formula (eq.(24)), or the more general case
given by the Richter and Matzner expression (34) are of
the common use in astronomical observations of the de-
flection angle, not only produced by the Sun but also
big planets like Jupiter[109]. The most simple situation
follows from the use of (70) for a pure monopole gravita-
tional field in which the deflection angles αS and αr are
given by the Shapiro formula, eq.(24). In such a situa-
tion, eq.(70) gives
∆Θ = (1 + γ)
2m
ro
sin( θIS−θIr2 )
sin θIS2 sin
θIr
2
. (71)
This expression was also recently used by Turyshev[100]
to estimate the deflection angles caused by the monopole
aspect of the gravitational fields of different celestial bod-
ies in the solar system and their observability in future
space interferometry missions by using absolute and dif-
ferential astrometry measurements. In that reference,
similar analysis was made by the author by using the
Richter and Matzner formula and a generalization of it in
order to also estimate the observability of the quadrupole
and octupole graviational fields contribution to the shift
in angular positions of far away objects.
As we have shown here, the formal expressions (67),
(65) and (70) can also be used for a more general situation
where light rays are propagating in a plasma medium,
with of course a corresponding expression for αS and
αr that generalize the Shapiro expression in those en-
vironments. In the following sections we will give ex-
pressions for the deflection angles derived from the use
of the Gauss-Bonnet theorem that not only allow to re-
cover the Shapiro or Richter and Matzner formulas as
particular cases, but also generalize them to more gen-
eral astrophysical situations where a plasma medium is
present.
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IV. FINITE DISTANCE CORRECTIONS FOR
THE LIGHT DEFLECTION IN A
HOMOGENEOUS PLASMA MEDIUM: PPN
METRIC
Let us consider a gravitational lens surrounded by a ho-
mogeneous plasma whose electron number density reads,
N(r, ϑ) = N0 = constant. (72)
A. Parametrized-post-Newtonian (PPN) metric
As an initial example, we study the light propaga-
tion in the equatorial plane of a astrophysical object sur-
rounded by an homogeneous plasma medium and whose
gravitational field is described by Eqs. (28), (29) and
(30). In the following we assume that J2 ≪ 1 such that
we will also neglect terms of order O(J2 ×m2).
Due to the gravitational redshift and considering that
both the source and the observer at a finite distance from
the lens, the refractive index reads
n(r) =
√
1− ω
2
eA(r)
ω2oA(ro)
, (73)
where ro is the radial position of the observer from the
lens. The associated optical metric at the considered
order follows from using the relation (47) and reads,
dσ2 = Ω2(dr2 + r2dϕ2); (74)
with
Ω2 =
ω2o − ω2e
ω2o
+
m
ω2or
3r3o
[
(γ + 1)ω2or
3
o(J2R
2 + 2r2)
− ω2e
(
J2R
2(γr3o + r
3) + 2r2r2o(γro + r)
)]
+
m2
2ω2or
2r2o
[
ω2or
2
o
(
8γ − 4β + 3ν + 8
)
+ ω2e
(
4(β − 2)r2 − 8γrro − 3νr2o
)]
+O(m3,m2 × J2).
(75)
In order to implement the method described in Section
(II) for calculating the bending angle at finite distances,
first we need to solve the equation (51). As we are in-
terested in second order correction in m for the bending
angle we only need to solve (51) at first order, which
explicitly reads,(
du
dϕ
)2
=
1
b2
− u2 + mu
b2
(2 + J2R
2u2)
(
γ +
1
1− ω2e/ω2o
)
,
(76)
with the asymptotic condition,
lim
ϕ→0
u(ϕ) = 0. (77)
Then, assuming a solution of the form,
u(ϕ) =
1
b
[sin(ϕ) +mu1(ϕ)], (78)
we obtain at first order in m,
u(ϕ) =
sin(ϕ)
b
+
m(1− cos(ϕ))
2b4
(
γ +
1
1− ω2e/ω2o
)
×
(
2b2 + J2R
2(1− cos(ϕ))
)
+O(m2).
(79)
For completeness, in eq. (79) we have written explicitly
terms of order O(m × J2). From this expression it is
worthwhile to emphasize that since the Gaussian curva-
ture is order O(m) (see (80) below), it follows that terms
of the form O(m× J2) in u will contribute to the deflec-
tion angle with corrections of order O(m2 × J2) which
are of higher order than considered. Therefore, they are
not necessary in the computation of the bending angle.
In order to compute the bending angle using (7) we
must integrate the Gaussian curvature K over ∞R ∞S . For
this, we need to compute K using the relation (52) for the
optical metric (74) at second order in m neglecting terms
of order O(m2 × J2). The result reads:
K =m(2r
2 + 9J2R
2)
2r5
ω2o(γω
2
e − (γ + 1)ω2o)
(ω2o − ω2e)2
+
m2ω2o
ror4(ω2o − ω2e)3
{
roω
4
o
[
4β − 2 + 4γ + 6γ2 − 3ν
]
− 2ω2oω2e
[
(2 + γ)r + 2ro(β − 2 + γ + 3γ2)− 3roν
]
+ ω4e
[
2γr + 6γ2ro − 3νro
]}
+O(m3,m2 × J2).
(80)
The two-form KdS reads:
KdS =
{
− m(9J2R
2 + 2r2)(ω2o(γ + 1)− γω2e)
2r4(ω2o − ω2o)
+
m2
r3ro(ω2o − ω2e)2
[
ω4oro
(
4(β + γ2 − 1)− 3ν
)
− 2ω2oω2e
(
ro(2β + 4γ
2 − 3ν − 4) + r
)
+ roω
4
e(4γ
2 − 3ν)
]}
drdϕ +O(m3,m2 × J2).
(81)
Finally, after doing the corresponding integral (7), the
deflection angle follows:
α = −
∫ ϕR
ϕS
∫ ∞
rγℓ
KdS = α(1) + α(2), (82)
where
rγℓ =
1
u(ϕ)
=
b
sin(ϕ)
− 1− cos(ϕ)
sin2(ϕ)
(
γ +
1
1− ω2e/ω2o
)
m
+O(m2,m× J2),
(83)
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and with
α(1) =
m
b
(
cos(ϕS)− cos(ϕR)
)(
γ +
1
1− ω2e/ω2o
)
×
[
1 +
J2R
2
4b2
(
4− cos(2ϕS)− cos(ϕR − ϕS)
− cos(2ϕR)− cos(ϕS + ϕR)
)]
,
(84)
the linear term in m and the second order correction,
α(2) =
m2
4b2(ω2o − ω2e)2
{
(ϕS − ϕR)(ω2o − ω2e)
×
(
ω2o(4β − 8− 8γ − 3ν) + 3νω2e
)
+ 4(ω2o(1 + γ)− ω2eγ)2
(
sin(ϕS)− sin(ϕR)
)
+
1
2
[
ω4o
(
4(β − 1 + γ2)− 3ν
)
+ ω4e(4γ
2 − 3ν)
− 2ω2oω2e(2β + 4γ2 − 3ν)
](
sin(2ϕR)− sin(2ϕS)
)
+ 8ω2oω
2
e cos(ϕS)
(
sin(ϕR)− sin(ϕS)
)}
.
(85)
In (85).we have used the approximation ro ≈ b/ sin(ϕR)
which can be safely used at the considered order.
Expressions (84) and (85) generalize previous known
results in several ways. For the bending angle in a plasma
environment these expressions take into account finite
distance corrections, as well as second order effects in
the mass and linear in the quadrupole moment. We are
not aware of any previous derivations of these general
expressions.
Now, we will study some special cases of the above
expressions which help to test their validity and to give
new relevant formulas for describing the lensing effects of
the astrophysical objects under consideration.
B. Special cases of (84) and (85)
1. Infinite distances case
Let us consider the limit where the source and the ob-
server are far away from the lens. In such a situation we
may take
ϕR → π + α(1)∞ and ϕS → 0. (86)
In principle, we should proceed as follows: first, as α
(1)
∞
is already O(m) we could compute it from (84) by tak-
ing ϕR = π and ϕS = 0. After that, as a second
step, we should replace this obtained value for α
(1)
∞ in
(86) in order to use again the Eq.(84) to obtain extra
O(m2) corrections that should be added to α(2)∞ . How-
ever in the practice it is not necessary, because we have
the following expansion in power of m for the kind of
trigonometric functions that appears in α(1) (Eq. (84)):
cos(n(x+α
(1)
∞ )) = cos(nx)−n sin(nx)α(1)∞ +O(m2) with
n an integer number. In particular in our case we have
cos(ϕR) = cos(π + α
(1)
∞ ) = −1 + O(m2). Therefore, the
produced corrections will be O(m3), which are not taken
into account in our approximation. From the previous
considerations, we see that we can replace ϕR = π and
ϕS = 0 into (84) and (85), such that the deflection angle
for an astrophysical object described in the weak gravita-
tional field for the PPN metric which takes into account
the monopole and quadrupole gravitational moments is
given by Eqs.(28), (29) and (30) reduces to:
α =
2m(b2 + J2R
2)
b3
(
γ +
1
1− ω2e/ω2o
)
+
πm2
b2
(
2− β + 2γ
1− ω2e/ω2o
+
3
4
ν
)
. (87)
Despite the simplicity of this expression, it generalizes
many recent results. We have no knowledge of a previous
presentation of this general formula.
In particular, in the absence of plasma (ωe = 0 or
equivalently ωe/ωo ≪ 1) the previous equation reduces
to,
α = 2(γ + 1)
m
b
+ π(2− β + 2γ + 3
4
ν)
m2
b2
, (88)
which coincides with the expression found in [48, 114].
On the other hand, even considering the presence of
the plasma, if the object under study is a spherical mass
(J2 = 0) and the gravitational field is described by the
Einstein general relativity theory (γ = ν = β = 1), then
the equation (87) reduces to
α =
2m
b
(
1 +
1
1− ω2e/ω2o
)
+
3π
4
(
1 +
4
1− ω2e/ω2o
)
m2
b2
.
(89)
The first term of the previous expression agrees with the
formula obtained for the first time by Bisnovatyi-Kogan
and Tsupko in [25, 26]) and including the second term
coincides with the result recently found by us in [44].
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2. Schwarzschild metric at finite distances
The finite distance contributions for the bending an-
gle in the presence of an homogeneous plasma in a
Schwarzschild background follows by setting γ = β =
ν = 1 and J2 = 0 into equations (84) and (85):
α(1) =
m
b
(
1 +
1
1− ω2e/ω2o
)(
cos(ϕS)− cos(ϕR)
)
;
(90)
α(2) =
m2
8b2(ω2o − ω2e)2
[
6(ϕR − ϕS)(5ω4o − 6ω2oω2e + ω4e)
+ 16ω2oω
2
e cos(ϕS) sin(ϕR)− (ω2o + ω2e)2 sin(2ϕS)
+ 8(ω2e − 2ω2o)2
(
sin(ϕS)− sin(ϕR)
)
+ (ω4o − 6ω2oω2e + ω4e) sin(2ϕR)
]
.
(91)
These expressions generalize the relations describing
light deflection in a vacuum Schwarzschild spacetime re-
cently found by Ishihara et.al. in [63] at first order in the
mass and extended to second order by Ono et.al. in [78].
In particular, in the absence of plasma or where the ef-
fect of the plasma enviornment is negligible (ωe/ωo ≪ 1)
these expressions reduce to the following vacuum values:
α(1)vac =
2m
b
(
cos(ϕS)− cos(ϕR)
)
; (92)
α(2)vac =
m2
8b2
[
30(ϕR − ϕS) + sin(2ϕR)− sin(2ϕS)
+ 32
(
sin(ϕS)− sin(ϕR)
)]
.
(93)
The expression (92) is in complete agreement with the
first order computation of the deflection angle derived in
reference [63]. The analogous expression of (93) has been
computed in the appendix of reference [78]. However,
note that even when there is perfect agreement between
our first order expression (92) and the corresponding for-
mula given by the authors in [63], it seems on first sight
that there is an inconsistency between our second order
correction as given by (93) and the expression from the
appendix of the article [78] which for the convenience of
the reader and in order to differentiate from our expres-
sion (93) we reproduce here under the alternative name
of αˆ
(2)
vac and also with aˆin their angular variable ϕ:
αˆ(2)vac =
m2
8b2
[
30(ϕˆR − ϕˆS) + sin(2ϕˆR)− sin(2ϕˆS)
]
.
(94)
It seems that an apparent discrepancy between (94) and
(93) appears, because of the following missing terms in
(94):
δ = 32
(
sin(ϕS)− sin(ϕR)
)
; (95)
which is however present in (93). The difference is only
apparent because the angular coordinate ϕˆ used by the
authors of [78] is related to our ϕ by
ϕˆ = ϕ− α∞
2
≈ ϕ− 2m
b
+O(m2). (96)
The transformation (96) follows from the fact that we
have chosen the polar axis such that the orbit followed
by a light ray which reaches the asymptotic region r →
∞ (or, equivalently u → 0) has the following angular
coordinate behavior in this limit: ϕ→ 0 or ϕ→ π + α∞
(as can be seen from Eq.(79) with γ = 1 and ωe = 0).
On the other hand, the authors of [78] choose the polar
axis such that the closest approach of the light ray to the
lens occurs when their angular coordinate ϕˆ takes the
value ϕˆ = π/2, resulting in a corresponding orbit which
is symmetric with respect to the radial direction defined
by ϕˆ = π/2. As the total deflection angle at infinite
distance is α∞, the asymptotic points of the orbit occur
when ϕˆ→ −α∞/2 (the position of an asymptotic source)
or when ϕˆ → π + α∞/2 (the position of an asymptotic
receiver). Note that the difference between ϕ and ϕˆ is
O(m), and therefore α(2) as given by Eq. (93) preserves
its form in terms of ϕˆ. However, it also follows from the
relation (96) that at first order in m we have
cos(ϕ) ≈ cos(ϕˆ)− 2m
b
sin ϕˆ+O(m2). (97)
Hence, if we replace Eq.(97) into Eq.(92), it can be seen
that new quadratic terms in m appear as functions of the
variable ϕˆ which exactly cancel the apparent discrepant
terms δ present in α
(2)
vac. Therefore, when our expressions
for the deflection angle are written in terms of the the
angular coordinate ϕˆ of Ono et.al. [78] the relation (94)
is recovered.
C. Deflection angle in terms of the observable θI
and comparison with previous particular known
expressions
Let us now compare between our finite distance results
and the well known expressions from the literature [81,
82]. In order to do that we will assume the source is at
infinite distance from the lens. In this case the deflection
angle α(1) and α(2) take the following limits:
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α
(1)
S∞
(b, ϕR) := lim
ϕS→0
α(1) =
m
b
(
1− cos(ϕR)
)(
γ +
1
1− ω2e/ω2o
)
×
[
1 +
J2R
2
4b2
(
3− 2 cos(ϕR)− cos(2ϕR)
)]
, (98)
α
(2)
S∞
(b, ϕR) := lim
ϕS→0
α(2) =
m2
4b2(ω2o − ω2e)2
{
ϕR(ω
2
e − ω2o)
(
ω2o(4β − 8− 8γ − 3ν) + 3νω2e
)
− 4 sin(ϕR)(ω2o(1 + γ)− ω2eγ)2 +
1
2
[
ω4o
(
4(β − 1 + γ2)− 3ν
)
+ ω4e(4γ
2 − 3ν)
− 2ω2oω2e(2β + 4γ2 − 3ν)
]
sin(2ϕR) + 8ω
2
oω
2
e sin(ϕR)
}
.
(99)
As seen from Fig.(4), the following relation follows be-
tween the angular position of the receiver ϕR and the
angles θI and δθ:
ϕR = π − θI + δθ
= π − θI + α(1)S∞ +O(m2).
(100)
Finally, by replacing this relation into Eqs.(98) and (99)
we obtain
α
(1)
S∞
(b, θI) =
m
b
(
1 + cos(θI)
)(
γ +
1
1− ω2e/ω2o
)[
1 +
J2R
2
2b2
(
2 + cos(θI)− cos2(θI)
)]
, (101)
α
(2)
S∞
(b, θI) =
m2
8b2(ω2o − ω2e)2
[
16ω2oω
2
e sin(θI) + (ω
2
o − ω2e)
(
2(π − θI) + sin(2θI)
)
×
(
ω2o(−4β + 8γ + 3ν + 8)− 3νω2e + 8 sin(2θI)ω2oω2e
)]
.
(102)
Equations (101), and (102) are the generalization of the
relations (34) and (35) to the case of a PPN spacetime
surrounded by a homogeneous plasma.
Alternatively, if we take into account the following rela-
tion between the impact parameter b and the coordinate
ro which follows from (79) and (100) and generalizes the
relation (36):
1
b
=
1
ro sin(θI)
− m
r2o sin(θI)
(
γ +
1
1− ω2e/ω2o
)
+O(m× J2,m2),
(103)
then Eqs. (101), and (102) can be rewritten as:
α
(1)
S∞
(ro, θI) =
m
ro
1 + cos(θI)
sin(θI)
(
γ +
1
1− ω2e/ω2o
)
×
[
1 +
J2R
2
2r2o
2 + cos(θI)− cos2(θI)
sin2(ϑI)
]
,
(104)
α
(2)
S∞
(ro, θI) =
m2
r2o
{
1
8(ω2o − ω2e)2 sin2(θI)
[
16ω2oω
2
e sin(θI)
+ (ω2o − ω2e)
(
2(π − θI) + sin(2θI)
)
×
(
ω2o(−4β + 8γ + 3ν + 8)− 3νω2e
+ 8 sin(2θI)ω
2
oω
2
e
)]
− 1 + cos(θI)
sin(θI)
(
γ +
1
1− ω2e/ω2o
)2}
.
(105)
In particular, it is easy to check that if ωe = 0, or alter-
natively ωe/ω0 ≪ 1 then the equations (101), and (102)
or their alternative versions (104), (105) reduce to the
known expressions (34) and (35) by Richter and Matzner
[81]. The advantage of relations (104) and (105) is that
they are written in terms of physical observables.
It is very nice to see how starting with an elegant, geo-
metrical and compact expression for the deflection angle
as given by Eq.(7) well known formulas like (34) and (35)
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can be recovered. Moreover, we have not only confirmed
for the first time the success of the Gauss-Bonnet formula
(7) to recover known results of the angle deflection at fi-
nite distances (giving us confidence in that definition),
but also we have been able to generalize these results to
more general astrophysical environments. In particular,
from (104) we see that the correction produced by a ho-
mogeneous plasma in the deflection angle even consider-
ing finite distances, is given by a global factor γ+ 11−ω2e/ω2o
.
This peculiar characteristic however does not remain if
we consider the second order terms, in which case the
plasma contribution is much more complicated. In par-
ticular, neglecting the quadrupole moment, and consider-
ing the validity of the Einstein equations we obtain that
reduces to
α
(1)
S∞
(ro, θI) =
m
ro
1 + cos(θI)
sin(θI)
(
1 +
1
1− ω2e/ω2o
)
. (106)
This expression can be compared with a similar rela-
tion obtained for the first time by Bisnovatyi-Kogan and
Tsupko[25, 26] which reads
α(1) =
2m
b
(
1 +
1
1− ω2e/ω2o
)
. (107)
The formula (107) was obtained under the more common
assumption of infinite distances. The advantage of (106),
is that it is written in terms of the observable quantity
θI and the coordinate distance ro.
V. INHOMOGENEOUS PLASMA MEDIUM
In this section, we focus on finite distance corrections
to the deflection angle for light rays propagating in a
non-uniform plasma. In this case, the steps that lead to
the final expression for the deflection angle are basically
the same which we applied in our previous article[44],
therefore we skip the intermediate computations and only
present the essential steps.
Let us consider an asymptotically flat and spherically
symmetric gravitational lens surrounded by an inhomo-
geneous plasma whose electron number density N(r) is a
decreasing function of the radial coordinate r, and such
that its radial derivative N ′(r) is also decreasing and
smaller than N(r). In isotropic coordinates, the compo-
nents of the metric in the physical spacetime are codified
in the following expressions:
A(r) = 1− µh00(r), B(r) = 1 + ǫhrr(r), C(r) = r2B(r).
(108)
The refractive index reads,
n(r) =
√
1− ω
2
e(1− µh00(r))
ω2∞
, (109)
where as before, ω∞ is related to the detected frequency
by a receiver by ω∞ = ωo
√
A(ro).
The associated optical metric is given by,
dσ2 =
(
(1 + ǫhrr)(ω
2
∞ − ω2e + µω2eh00)
ω2∞(1 − µh00)
)
(dr2 + r2dϕ2).
(110)
In general, the change in the deflection angle due to the
presence of the refractive index is smaller than the main
part due to the purely gravitational effect. We will as-
sume as in [26, 44] that the deflection angle is small and
therefore as a first approximation the path followed by
the light ray can be taken as the straight line geodesic of
the flat euclidean space. We also neglect all higher order
terms of the form O(N ′2, µN ′, µN ′′, ǫN ′2, ǫN ′′).
Working at linear order in µ and ǫ, and following the
same steps explained in detail in [44], we obtain for KdS
(expressed in terms of the detected frequency ωo by the
receiver):
KdS = 1
2
[
Ke(rN
′)′
ω2o − ω2e
− ω
2
o(rh00
′)′
ω2o − ω2e
µ− (rhrr ′)′ǫ
]
drdϕ.
(111)
By inserting this expression into Eq.(7), we find that the
deflection angle in this approximation is given by
α ≈ − lim
R→∞
∫ ∫
Dr
KdS = −
∫ ϕR
ϕS
∫ ∞
b/ sinϕ
1
2
[
Ke(rN
′)′
ω2o − ω2e
− ω
2
o(rh00
′)′
ω2o − ω2e
µ− (rhrr ′)′ǫ
]
drdϕ. (112)
Using integration by parts in the first two terms of the ra-
dial integral and neglecting terms of orderO(N ′2, h00N ′),
we obtain the final expression:
α ≈
∫ ϕR
ϕS
1
2
[
Ke(rN
′)
ω2o − ω2e
−ω
2
o(rh00
′)
ω2o − ω2e
µ−(rhrr ′)ǫ
]∣∣∣∣
r=b/ sinϕ
dϕ.
(113)
This equation gives us a general formula to compute
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the deflection angle in a spherically symmetric spacetime
when an inhomogeneous plasma medium is present tak-
ing into account finite distance corrections. Note that
this expression can also be derived with the technique
used by Bisnovatyi-Kogan and Tsupko in [26], where they
find the deflection angle considering infinite distances
by solving the Hamilton equations perturbatively for a
not necessarily spherically symmetric metric of the form
gαβ = ηαβ + hαβ .
By assuming the condition ωe/ωo ≪ 1 and motivated
by the decomposition presented by Bisnovatyi-Kogan and
Tsupko in [26] for the deflection angle, Eq. (113) can be
decomposed in terms of the form:
α = α1 + α2 + α3 + α4, (114)
where,
α1 = −1
2
∫ ϕR
ϕS
rϕ
(
h′rr(rϕ)ǫ + h
′
00(rϕ)µ
)
dϕ,(115)
α2 = − µ
2ω2o
∫ ϕR
ϕS
rϕh
′
00(rϕ)ω
2
e(rϕ)dϕ, (116)
α3 =
Ke
2ω2o
∫ ϕR
ϕS
rϕN
′(rϕ)dϕ, (117)
α4 =
Ke
2ω4o
∫ ϕR
ϕS
rϕN
′(rϕ)ω
2
e(rϕ)dϕ, (118)
and rϕ = b/ sin(ϕ). These expressions are the finite dis-
tance counterparts of the expressions found by [26]. In
particular the first term α1 is the pure gravitational de-
flection angle; the second term α2 is a correction of the
first due to the presence of the plasma, the third term is
the pure refractive angle (present even without a gravita-
tional field), and the last term is a correction to the third
term. As explained by Bisnovatyi-Kogan and Tsupko in
[26] in general astrophysical situations the first and the
third terms in (114) make the main contribution to the
deflection angle, where in general α3 < α1.
A. Diverging lensing due solely to an
inhomogeneous plasma medium
An interesting example arises when we consider the
limit in which gravity does not affect the deflection at
all, m→ 0. In this case, spacetime is Minkowski and the
perturbed components of the metric hij vanish, which
causes Eqs. (115) and (116) to vanish. This leaves only
α3 and α4 to contribute to the deflection angle. These
contributions are in the opposite sense to the gravita-
tional deflection from α1 and α2, and therefore the lens-
ing effect due to inhomogeneous plasma in the absence of
gravitation is diverging, rather than the usual converging
behavior of a gravitational lens [43].
Lensing due to plasma is relevant to the observation of
radio sources through the intervening interstellar medium
(ISM), which can contain inhomogeneities in the electron
density. These density perturbations can act as diverg-
ing lenses, causing frequency-dependent dimming of ra-
dio sources observed through the ISM. A number of as-
trophysical phenomena are associated with this type of
lensing, including extreme scattering events [115–118] as
well as pulsar scintillation [119, 120]. Furthermore, it has
recently been suggested that plasma lensing may play a
role in the mechanism responsible for generating fast ra-
dio bursts [121].
In terms of the derivation presented here, the inho-
mogeneous plasma case is particularly interesting due to
the fact that it depends only on the Minkowski metric.
In this case, the effect of gravitation is totally removed
from the problem, which ultimately illustrates the ele-
gant utility of the Gauss-Bonnet method when coupled
to a Riemann optical metric representation.
B. Schwarzschild spacetime with plasma density
profile of the form N(r) = Nor
−h
Now we will apply this general result to the case of
Schwarzschild spacetime with the density profile
N(r) = Nor
−h, h > 0. (119)
For this, we make the following identification,
ǫ = µ = m, h00 = hrr =
2
r
. (120)
For completeness we write the expression for each indi-
vidual term (115), (116), (117), (118) but, as discussed,
the main contribution to the deflection angle is given by
α1 and α3. Explicitly, these terms read:
α1 =
2m
b
(
cos(ϕS)− cos(ϕR)
)
, (121)
α2 =
mKeNo
ω2ob
h+1
[
cos(ϕS) 2F1
(
1
2
,−h
2
;
3
2
; cos2(ϕS)
)
− cos(ϕR) 2F1
(
1
2
,−h
2
;
3
2
; cos2(ϕR)
)]
, (122)
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α3 = −KeNoh
2ω2ob
h
[
cos(ϕS) 2F1
(
1
2
,
1− h
2
;
3
2
; cos2(ϕS)
)
− cos(ϕR) 2F1
(
1
2
,
1− h
2
;
3
2
; cos2(ϕR)
)]
, (123)
α4 = −K
2
eN
2
oh
2ω4ob
2h
[
cos(ϕS) 2F1
(
1
2
,
1− 2h
2
;
3
2
; cos2(ϕS)
)
− cos(ϕR) 2F1
(
1
2
,
1− 2h
2
;
3
2
; cos2(ϕR)
)]
, (124)
with 2F1(a, b; c;x) the ordinary hypergeometric
function[122].
These analytic and closed expressions generalize the
known equivalent formulas for the infinite distance case.
In particular we can also recover the expressions for the
infinite distance case by taking the limit of the previous
expressions in the limit of ϕS → 0 and ϕR → π+O(m).
In this case, they reduce to:
a∞1 =
4m
b
, (125)
α∞2 =
√
πmKeNoΓ
(
h
2 + 1
)
bh+1ω2oΓ
(
h+3
2
) , (126)
α∞3 = −
√
πKeNoΓ
(
h+1
2
)
bhω2oΓ
(
h
2
) , (127)
α∞4 = −
√
πK2eN
2
o b
−2hΓ
(
h+ 12
)
2ω4oΓ(h)
, (128)
where Γ(x) is the Gamma function. Expression (127) was
found by first time by Giampieri[123] and rederived by
Bisnovatyi-Kogan and Tsupko in [26]. As an application,
we will study in the next subsection a particular charge
density profile which describes the plasma in our solar
system.
1. A particular plasma model for solar corona
Let us consider the following electronic density profile
particular model for the solar plasma neglecting latitude
variations [14, 123–125],
N(r) =
[
C2
(
R⊙
r
)2
+C6
(
R⊙
r
)6
+C16
(
R⊙
r
)16]
cm−3,
(129)
with
C2 = 3.44× 105, (130)
C6 = 1.55× 108, (131)
C16 = 2.99× 108, (132)
and r ≥ R⊙. The value of coefficients Ci have been
empirically determined in the past. We will only take
into account the main contribution of the plasma, that
is, α3. Considering the case in which the source is far
away from the lens and taking ϕR = π − θI , the main
contribution of the plasma is given by (see also Appendix
(C)),
α3 =− 1
(2π)2
(
1Hz
f
)2[
C˜2
2
(
R⊙
ro
)2
π − θI + cos(θI) sin(θI)
sin2(θI)
+
C˜6
64
(
R⊙
ro
)6 (
60(π − θI) + 45 sin(2θI)− 9 sin(4θI)
+ sin(6θI)
)
× 1
sin6(θI)
+
C˜16
458752
(
R⊙
ro
)16(
720720(π− θI) + 640640 sin(2θI)− 224224 sin(4θI) + 81536 sin(6θI)
− 25480 sin(8θI) + 6272 sin(10θI)− 1120 sin(12θI) + 128 sin(14θI)− 7 sin(16θI)
)
× 1
sin16(θI)
]
,
(133)
where
C˜2 = (5.64× 104)2 C2 = 1.09× 1015 , (134)
C˜6 = (5.64× 104)2 C6 = 4.93× 1017 , (135)
C˜16 = (5.64× 104)2 C16 = 9.51× 1017 . (136)
In this way, the main plasma contribution given by (133)
is only expressed in terms of observable quantities: the
elongation angle θI and the distance Sun-Earth ro. It is
easy to check that if we consider observations from the
Earth at small impact parameters of the order of a few so-
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lar radius (which implies that ΘI ≈ 0 and the infinite dis-
tance expression is a good approximation), the formula
(133) reduces to the expression given by Giampieri[123]
(see also [124]) and recently rederived by Turyshev and
Toth in [125] using the full Maxwell equations. More
precisely, in such an approximation, eq.(133) reduces to
the following expression which agrees with eq.(185) of
reference [125] (see also eq. (123) of [126] which is the
published version of [125] and also [127, 128] of the same
authors where the same expression appears but with a
factor of 2 difference due to their treatment of the plasma
as two one-way contributions: a) on a way in the solar
system and b) on a way out of the solar system, and
therefore they consider a one-way deflection angle. In
particular in [127] the authors also describe the phase
evolution of a plane wave propagating in the vicinity of
a massive body in the presence of plasma). In order to
make the comparison more simple we have re-written α3
in terms of the wavelength λ = c/f and the impact pa-
rameter b = ro sin θI ,
α3∞ =−
(
1Hz
f
)2[
C˜2
8π
(
R⊙
b
)2
+
15C˜6
64π
(
R⊙
b
)6
+
6435C˜16
16384π
(
R⊙
b
)16]
=−
(
λ
1µm
)2
1
(2.99792458× 1014)2
[
C˜2
8π
(
R⊙
b
)2
+
15C˜6
64π
(
R⊙
b
)6
+
6435C˜16
16384π
(
R⊙
b
)16]
=−
(
λ
1µm
)2[
4.82× 10−16
(
R⊙
b
)2
+ 4.09× 10−13
(
R⊙
b
)6
+ 1.32× 10−12
(
R⊙
b
)16]
,
(137)
Coming back to the expression (133), in Fig. (7) we
plot its contribution (with opposite sign) as well as the
deflection angle purely due to gravity α1 for a range of
different frequencies. Depending on the frequency-band,
the plasma contribution can be of the order of 1µas even
for large elongation angles, and of the order of 1mas for
frequencies in the S-band up to elongation angles as large
as 25◦. Of course, at smaller frequencies the contribution
is more significant. Finally, let us remark that we can also
use the same expression (133) to compute the deflection
angle of a reference source different to our Sun if it is
contained in the ecliptic plane (in order that the elec-
tronic charge density be a good model), and therefore to
use the relations discussed in Section (III B) (in particu-
lar eq.(70)) to compute the separation angle between the
sources and its variation at different times depending of
the relative position between these sources and our Sun
as seen from the Earth in their orbit around it.
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FIG. 7: Plasma contribution to the deflection angle (with op-
posite sign) as function of the elongation angle ΘI for three
different frequencies at different bands. For completeness the
pure gravity contribution given by the Shapiro expression
with the Eddington parameter γ = 1 is also shown. In the
zoomed region is shown the values of the deflection angles in
the neighborhood of the Sun surface.
VI. FINAL REMARKS
In conclusion, our calculations achieve three main
goals. First, by carefully constructing a finite quadri-
lateral region to apply the Gibbons-Werner method, we
have resolved an apparent contradiction in the literature
when they are applied to static and spherically symmet-
ric asymptotically flat spacetimes. Second, our results
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are derived in terms of observable quantities that facili-
tate comparison with previous, well-studied cases in the
literature. Third, by making use of the Gibbons-Werner
approach of coupling a Riemann optical metric to the
Gauss-Bonnet method, we have expanded on well-known
cases in the literature. For example, by including the ef-
fects of the PPN expansion and a possible quadrupole
moment into the case of a homogeneous plasma in a
gravitational field, as well as including the corrections
arising from consideration of the finite distance between
source, lens and observer. This work demonstrates the
utility and elegance of the Gauss-Bonnet theorem and the
Gibbons-Werner method and their relevance for all forms
of lensing - both gravitational (converging) and plasma
(diverging).
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Appendix A
1. Explicit comparison between formulas (7), (11)
and (12)
In this Appendix we will use a particular example to
illustrate how the alternative expressions for the deflec-
tion angle given by Eqs.(7), (11) and (12) give the same
results. Let us focus on a Schwarzschild metric written
in isotropic coordinates:
ds2 =−
(
1− m2r
1 + m2r
)2
dt2 +
(
1 +
m
2r
)4
×
[
dr2 + r2
(
dϑ2 + sin2(ϑ)dϕ2
)]
.
(A1)
Let us focus on the plane defined by ϑ = π/2. We shall
calculate the deflection angle to second order precision
in the mass m. However, for the moment we will write
the exact relationships. The associated optical metric is
given by:
dσ2 =
(1 + m2r )
6
(1 − m2r )2
(
dr2 + r2dϕ2
)
; (A2)
and the associated Gaussian curvature reads:
K = −128mr
3(4r2 − 2rm+m2)
(2r +m)8
. (A3)
The surface element is
dS =
√
det(goptij )drdϕ =
(2r +m)6
16r3(2r −m)2 drdϕ. (A4)
Therefore at second order in the mass we obtain
KdS =
(
− 2m
r2
+
m2
r3
)
drdϕ+O(m3), (A5)
which can be rewritten in terms of the variable u = 1/r
as
KdS =
(
2m−m2u
)
dudϕ+O(m3). (A6)
Now, we will use equation (12) to compute the deflection
angle. To do that, we must integrate over a region D˜r
bounded by the radial curves γR, γS , the geodesic γ˜ℓ
and the arc of circle segment γC . γR and γS are given
by ϕ = ϕR and ϕ = ϕS , respectively. In terms of the
coordinate u, γC is defined by u = 1/rC = constant, and
finally the spatial geodesic γ˜ℓ describing the orbit of a
light ray between S and R is given by:
uℓ =
sin(ϕ)
b
+
2m(1− cos(ϕ))
b2
+
15m2 cos(ϕ)(tan(ϕ) − ϕ)
4b3
+O(m3).
(A7)
This expression for uℓ follows by solving Eq.(51) at sec-
ond order in the mass,
(
duℓ
dϕ
)2
=
1
b2
− u2ℓ +
4muℓ
b2
+
15m2u2ℓ
2b2
, (A8)
with the asymptotic condition,
lim
ϕ→0
uℓ(ϕ) = 0. (A9)
Note however, that in order to compute the integral of
the Gaussian curvature we only need to consider the first
two terms in (A7) because KdS is already orderm. Hence
we obtain for the first term of (12):
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−
∫ ∫
D˜r
KdS =
∫ ϕR
ϕS
∫ sin(ϕ)
b
+ 2m(1−cos(ϕ))
b2
1/rC
(
2m−m2u
)
dudϕ+O(m3)
=
2m
b
[
cos(ϕS)− cos(ϕR) + b
rC
(ϕS − ϕR)
]
+
m2
8b2
[
30(ϕR − ϕS) + sin(2ϕR)− sin(2ϕS) + 32(sin(ϕS)− sin(ϕR)) + 4b
2
r2C
(ϕR − ϕS)
]
+O(m3).
(A10)
We must also compute the other two terms of (12). The last term is computed in the Euclidean metric and it is
simply given by Eq.(9). In order to compute the second term we need first to compute the geodesic curvature of γ˜C
defined by r = rC = constant. The exact value of this curvature in the optical metric (A2) is given by
κ˜γ˜C =
4rC [4rC(rC − 2m) +m2]
(2rC +m)4
(A11)
and therefore we obtain for the second term of (12)
−
∫
γ˜C(S→R)
κ˜ dσ˜ =
∫ ϕS
ϕR
κ˜γ˜C
√
goptϕϕ dϕ =
∫ ϕS
ϕR
(
1− 2
rC
+
m2
2r2C
)
dϕ+O(m3)
=ϕS − ϕR + 2m
rC
(ϕR − ϕS) + m
2
2r2C
(ϕR − ϕS) +O(m3)
(A12)
Taking cognizance of Eqs.(9), (A10) and (A12), and replacing these expressions into the formula (12) we obtain:
α =
2m
b
[
cos(ϕS)− cos(ϕR)
]
+
m2
8b2
[
30(ϕR − ϕS) + sin(2ϕR)− sin(2ϕS) + 32(sin(ϕS)− sin(ϕR))
]
+O(m3),
(A13)
which agrees with our previous expression given by (92)
and (93) obtained directly using Eq.(7).
Now we will repeat the computation, but using the
expression given by (11). To do that we must compute
the sum of angles in the regions Dr on the Euclidean
space, and also in the region D˜r of the optical space.
In the Euclidean space, it is easy to see that the sum
of the interior angles is:∑
i
ǫi = 2π + ϕR − ϕS . (A14)
Instead, for the region D˜r in the optical metric, we have∑
i
ǫ˜i = π + ǫ˜1 + ǫ˜2; (A15)
with ǫ˜1 and ǫ˜2 the angles formed by the curve γ˜ℓ and
the radial curves γ˜R and γ˜S respectively. As we wish to
compute the deflection angle to second order in the mass,
we need to use the expression for orbital equation which
describes γ˜ℓ with all the terms that appear in Eq.(A7).
The angle ǫ˜1 can be computed from the following relation (see Fig.(2) )
tan ǫ˜1 =−
[√goptϕϕ√
goptrr
dϕ
dr
]∣∣∣∣
γ˜ℓ(ϕR)
= −
[
r
dϕ
dr
]∣∣∣∣
γ˜ℓ(ϕR)
= u(ϕR)
dϕ
du
∣∣∣∣
ϕ=ϕR
, (A16)
and similarly, ǫ˜2 = π − χ˜2 with χ˜2 the supplementary angle to ǫ˜2 which satisfies:
tan χ˜2 =−
[√goptϕϕ√
goptrr
dϕ
dr
]∣∣∣∣
γ˜ℓ(ϕS)
= −
[
r
dϕ
dr
]∣∣∣∣
γ˜ℓ(ϕS)
= u(ϕS)
dϕ
du
∣∣∣∣
ϕ=ϕS
. (A17)
Using (A7), we obtain that
tan ǫ˜1 = u(ϕR)
dϕ
du
∣∣∣∣
ϕ=ϕR
= tan(ϕR)− 2m
b
1− cos(ϕR)
cos2(ϕR)
+
m2
8b2
15(sin(2ϕR)− 2ϕR) cos(ϕR)− 16 sin(2ϕR) + 32 sin(ϕR)
cos3(ϕR)
.
(A18)
Hence, to the considered order we obtain:
ǫ˜1 =ϕR − 2m
b
(1− cos(ϕR))
− m
2
8b2
(30φR + sin(2ϕR)− 32 sin(ϕR)) +O(m3).
(A19)
Repeating for χ˜2, which is obtained from (A17) we find:
χ˜2 =ϕS − 2m
b
(1− cos(ϕS))
− m
2
8b2
(30φS + sin(2ϕS)− 32 sin(ϕS)) +O(m3).
(A20)
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Therefore, we arrive at
∑
i
ǫ˜i =2π + ǫ˜1 − χ˜2
=2π + ϕR − ϕS + 2m
b
(cos(ϕR)− cos(ϕS))
+
m2
8b2
[
30(ϕS − ϕR) + sin(2ϕS)− sin(2ϕR)
+ 32(sin(ϕR)− sin(ϕS))
]
.
(A21)
Finally, by replacing (A14) and (A21) into the angular
definition for the deflection angle (given by (11)), we re-
cover the expression (A13).
As a final comment let us note that Ishihara et.al also
express the angle deflection in terms of two angles ΨS
and ΨR and the coordinate angle ϕRS = ϕR−ϕS . Their
expression reads[63]:
α = ΨR − ΨS + ϕRS . (A22)
On the other hand, the inner angles ǫ˜1 and ǫ˜2 used in
this work are related to the angles ΨS and ΨR by:
ǫ˜1 = π −ΨR, (A23)
ǫ˜2 = ΨS . (A24)
Then, taking into account the relations (A14) and (A15),
it is easy to see that the definition (11) which was based in
the sum of the inner angles of finite quadrilateral regions
agrees with the expression as (A22) (which does not make
mention to any region).
Appendix B
1. Relationship between different angular
coordinates and the elongation angle
In this appendix we make some general discussion
about the expressions for the deflection angle, the orbit
equation and the relation with the elongation angle θI
when one uses different azimuth angular coordinates sys-
tems (with the restriction that all of them define the same
rotational Killing vector and therefore they can only dif-
fer in a constant δ).
Consider the Fig.(8), which is basically the same figure
as Fig.(2) but with the difference than now we have in-
troduced two different angular coordinates systems with
respective polar axis Aaxis and δaxis.
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FIG. 8: Relation between two arbitrary azimuth angular co-
ordinates in terms of the angular separation δ between the
respective polar axis.
These coordinates are named ϕ and ϕδ respectively.
As it can be seen from the Fig.(8), they are related by
ϕ = ϕδ + δ. (B1)
Let us assume that the source is far away from the lens
and the observer. Then, each of these azimuth angular
coordinates can be identified by the angle ϕS that the
light ray connecting S with R takes in this limit. We
will denote this angle by ∆, that is limS→∞ ϕδ S = ∆,
where the limit is taken along the light curve connecting
the source with the receiver. For example, the azimuth
angular coordinate ϕˆ used by Ishihara et.al and also by
Arakida is such that the closest approach of the light ray
to the lens is at ϕˆmin = π/2, or equivalently, because
of the symmetry of the light ray trajectory around the
radial direction defined by ϕˆmin we can codify the same
information by taking ∆ = −α∞/2. Another natural
possibility was considered in the main body text were
we took a new angular variable such that for a far away
source limS→∞ ϕS = 0.
We wish to write expressions for the deflection and the
elongation angle which remain valid in any of the azimuth
angular coordinates defined by different ∆. One way to
do that in a very easy way is to start by choosing a par-
ticular Aaxis polar axis where the corresponding angular
coordinate ϕ is such that limS→∞ ϕS = 0. Therefore, as
we said before, any other δaxis polar axis can be identified
by the angle ∆ (See Fig.(9) which is basically the same
graphic as in Fig.(8) but ”rotated” in such a way that
now the Aaxis polar axis is plotted as ”horizontal”).
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FIG. 9: A particular choice for the ϕ coordinate such that
for a far away source S, ϕS → 0. Any other azimuth angular
coordinate φδ such that ϕδ S → ∆ for a far away source is
related to ϕ by δ = −∆.
Note also that, by construction the δ shift between
these azimuth angular coordinates is simply given by δ =
−∆, and as we know the expressions for the orbit (in
isotropic coordinates), for the deflection angle and for
the elongation angle in the coordinates associated to the
Aaxis polar axis, we can directly write expressions for the
same quantities in the other coordinates systems related
by (B1).
Let us start with the elongation angle θI . It is given in
the ϕ coordinates of Fig.(9) (see also Fig.(4)) by θI = π−
ϕR+δθ, and therefore in terms of the azimuth coordinate
ϕδ it will be given by
θI = π − (ϕδ R −∆) + δθ. (B2)
In particular, if the polar axis δaxis is chosen such that
∆ = −α∞/2 (the Ishihara et.al. and Arakida choice) we
have the following result:
ΘI = π − ϕˆR −
O(m)︷ ︸︸ ︷
α∞
2
+ δθ
= π − ϕˆR +O(m);
(B3)
a relation that was used by us in Sec.(II) in order to
relate the expression for the deflection angle computed
by these authors with the elongation angle. In a simi-
lar way, we can proceed with the orbit equation and the
deflection angle. In particular, for a Schwarzschild space-
time written in isotropic coordinates the orbit equation
at linear order in the mass is given by the first two terms
of eq.(A7), and therefore in any other choice for the az-
imuth coordinate we have that u is given by (keeping all
the other coordinates the same)
uℓ(ϕδ) =
sin(ϕδ −∆)
b
+
2m(1− cos(ϕδ −∆))
b2
+O(m2).
(B4)
Similarly, as we know the expression for the deflection an-
gle in the coordinates associated to Aaxis ((A13)), we can
compute the deflection angle in any other associated an-
gular coordinate system (for simplicity we continue writ-
ing our expressions for far away sources, namely ϕS = 0
and ϕδS = ∆):
α =
2m
b
[
1− cos(ϕδ R −∆)
]
+
m2
8b2
[
30(ϕδ R −∆) + sin(2(ϕδ R −∆))− 32(sin(ϕδ R −∆))
]
+O(m3). (B5)
This expression is valid for any ∆, but in the case of the
Ishihara et.al. the ϕˆ coordinate was chosen such that
∆ = −α∞/2, a quantity already O(m) and therefore the
expression can be re-expanded as we explained in Section
(IVB 2).
Of course, even when we obtained all these expres-
sions in a very easy way from the known expressions in
the Aaxis related coordinates, they can also be explicitly
obtained from the orbit equation in isotropic coordinates
and the definition of the deflection angle. Namely, we
directly solve (A8) with the asymptotic condition
lim
ϕδ→∆
u(ϕδ) = 0. (B6)
To do that, we choose the ansatz
u(ϕδ) =
sin(ϕδ −∆)
b
+
2mu1(ϕδ)
b
+O(m2), (B7)
where the first term describe the unperturbed flat orbit in
this coordinate system. From (A8) we obtain that at first
order in m, u1(ϕδ) must satisfy the following differential
equation:
b cos(φδ −∆)du1
dφδ
+ sin(φδ −∆)(bu1 − 1) = 0. (B8)
The general solution of this equation is given by
u1(ϕδ) =
1
b
+ C cos(ϕδ −∆); (B9)
with C an integration constant that is fixed by requiring
the asymptotic condition (B6) (resulting in C = −1/b).
Therefore at linear order in m the orbit equation reads
u(ϕδ) =
sin(ϕδ −∆)
b
+
2m(1− cos(ϕδ −∆))
b2
+O(m2);
(B10)
which agrees with the expression obtained before. Using
this expression for the orbit and repeating the same pro-
cedure as in the eq.(A10) of Appendix A we obtain the
following expression for the deflection angle
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α =
2m
b
[
cos(ϕδ S −∆)− cos(ϕδ R −∆)
]
+
m2
8b2
[
30(ϕδ R − ϕδ S) + sin(2(ϕδ R −∆))− sin(2(ϕδ S −∆))
+32(sin(ϕδ S −∆)− sin(ϕδ R −∆))
]
+O(m3);
(B11)
which for a far away source (φδ S = ∆ agrees with the
expression (B16)).
Finally, let us write the deflection angle in terms of
θI . From the expression (B5) and (B2) it follows that at
linear order in m, α is given as expected by the Shapiro-
Ward formula (24)(with γ = 1). In order to compute the
deflection angle from (B5) at second order in θI we must
take into account that
δθ = α
(1)
S∞
+O(m2) = 2m
b
[
1+cos(θI)
]
+O(m2). (B12)
Therefore by doing the replacement
ϕδ R −∆ = π − θI + δθ, (B13)
in Eq.(B5) and taking into account that
cos(ϕδ R −∆) =cos(π − θI + δθ)
=− cos(θI)− m
b
[
2 sin(θI) + sin(2θI)
]
+O(m2),
(B14)
and that the second term in (B5) expressed in terms of
θI reads
m2
8b2
[
30(π − θI)− sin(2θI)− 32 sin(θI)
]
; (B15)
we can write the deflection angle in terms of θI as
α =
2m
b
[
1 + cos(θI)
]
+
15m2
4b2
[
π − θI + sin(θi) cos(θI)
]
+O(m3);
(B16)
which agrees with the more general relation given by the
expressions (34) and (35) for the particular case of all the
PPN parameters set to 1 and J2 = 0.
Appendix C
1. Schwarzschild spacetime with plasma density
profile of the form N(r) = Nohr
−h. Particular cases
In order to compute the main contribution to the de-
flection angle due to the presence of the plasma for the
Sun, we need to calculate the explicit form of α3 for the
particular cases h = 2, 6, 16, and with respective numer-
ical constants No2, No6 and No16. In terms of standard
trigonometric functions they read,
h = 2 : α3 =
KeNo2
2b2ω2o
[
ϕS − ϕR + cos(ϕR) sin(ϕR)− cos(ϕS) sin(ϕS)
]
,
h = 6 : α3 =
KeNo6
64b6ω2o
[
60(ϕS − ϕR) + 45
(
sin(2ϕR)− sin(2ϕS)
)
+ 9
(
sin(4ϕS)− sin(4ϕR)
)
+ sin(6ϕR)− sin(6ϕS)
]
,
h = 16 : α3 =
KeNo16
458752b16ω2o
[
720720(ϕS − ϕR) + 640640
(
sin(2ϕR)− sin(2ϕS)
)
+ 224224
(
sin(4ϕS)− sin(4ϕR)
)
+ 81536
(
sin(6ϕR)− sin(6ϕS)
)
+ 25480
(
sin(8ϕS)− sin(8ϕR)
)
+ 6272
(
sin(10ϕR)− sin(10ϕS)
)
+ 1120
(
sin(12ϕS)− sin(12ϕR)
)
+ 128
(
sin(14ϕR)− sin(14ϕS)
)
+ 7
(
sin(16ϕS)− sin(16ϕR)
)]
.
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